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Zusammenfassung

Diese Masterarbeit verallgemeinert ein Result iiber die Minimierer des Busemann—Hausdorff Flachen-
funktionals auf beliebige Kodimension. Im Jahr 2014 wurde das Plateau Problem im Finslerraum
(R3, F) von Overath und von der Mosel geldst, | ]. Die vorliegende Arbeit zeigt, dass die
Beweistechnik von Overath und von der Mosel erweitert werden kann, um die Existenz von flachen-
minimierenden Oberflichen im Finslerraum (R™, F') nachzuweisen, falls die Finslermetrik reversibel
ist. Um dieses Ziel zu erreichen, wird Burago and Ivanov’s Arbeit | | iiber die Konvexitat der
zwei-dimensionalen Busemann-Hausdorft Flachendichte ausfiihrlich diskutiert. Abschliefend wird ein
Zusammenhang zwischen dem Busemann-Hausdorff Fléchenintegranden und der Theorie iiber Cartan

Integranden aufgezeigt.






Abstract

This thesis generalises a result on minimisers of the Busemann—-Hausdorff area functional to arbitrary
codimension. Recently, Overath and von der Mosel solved the Plateau problem for three-dimensional
Finsler space (R?, F), | |. The present work shows that their proof technique can be extended
to show the existence of area minimising surfaces in n-dimensional Finsler space (R™, F') for reversible
Finsler metrics. To achieve this goal, this thesis extensively discusses Burago and Ivanov’s work | ]
on the convexity of the two-dimensional Busemann—Hausdorff area density. Finally, a connection
of the Busemann—Hausdorff area integrand and the well-investigated theory of Cartan integrands is

illustrated.
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Introduction

In this thesis we investigate the Plateau problem in n-dimensional Finsler space for reversible Finsler
metrics F.

The Plateau problem (named in honour of the Belgian physicist J.A.F. Plateau (1801-1883)) is one
example of a boundary value problem for minimal surfaces. In 1873, Plateau conducted a number of
soap film experiments during which he noted that every single closed wire, however complicated its
geometric form may be, bounds at least one soap film. By Johan Bernoulli’s principle of virtual work,
soap films in stable equilibrium correspond to surfaces of minimal surface area. Mathematically, a
closed wire can be modelled by a closed rectifiable Jordan curve. In addition, one can prove that
surfaces of minimal area are minimal surfaces (surfaces whose mean curvature vanishes). The question

which the Plateau problem poses is the following (see | , Chapter 4, pp. 221-226]):

Given a closed rectifiable Jordan curve T, is there a minimal surface spanned by I'?

The first question one needs to answer is how to “measure” surface area. This depends on the geometric
setting one studies the surfaces in. For the purpose of this thesis, we consider surfaces immersed into
a Finsler space and consequently the notion of Busemann—Hausdorff area (or Finsler area) introduced
by Busemann in [ | (see Section 2.1). Secondly, one needs to discuss the class of permitted
surfaces. For example, we do not consider fractal surfaces. Then we want to solve the variational

problem
e F
minimise areap(X)

over a class of admissible surfaces X € C(I') (which will be defined in Section 3.1).

In | |, Overath and von der Mosel showed the existence of Finsler area minimisers in
codimension one and established higher regularity of solutions. However, Overath and von der
Mosel considered a more general class of Finsler metrics whose ”"m-harmonic symmetrisation” is
a Finsler metric as well. In their work they applied the theory of Cartan functionals to Finsler

area. For this, assume X : M — R" is a smooth immersion of a smooth m-manifold into R™ and



I € CORM xRN),N = (::L) is positively homogeneous in its second argument, that is,

I, ty) = tI(x,y)

for all (x,7) € R® x RY and t > 0. Therefore, the m-form
0

N d 0
i(p) = (X(p),pr ((%1 p) AdX, <8u2 p) A NdX, <8um

for a local coordinate chart (u®)7_, on M is globally well-defined. Then

I(xX) = / i)

is called Cartan functional and I is the corresponding Cartan integrand. A broad range of results in

)

the theory of Cartan functionals has been established. Hildebrandt and von der Mosel, in particular,
showed the existence and regularity of Cartan minimisers in a certain class of admissible surfaces

(| , ). Their result holds for Cartan integrands which are positive definite, that is,
M|z < I(x, z) < Ms|z|
for all (z,z) € R” x GC,,,(R™) and semi-elliptic, that is,
I(x,tzy + (1 —t)z0) < tl(z,21) + (1 — t)I(x, z2)

for all z € Q, 21,22 € RY and ¢ € [0,1] (see Section 3.2).

In codimension one (n = m + 1), Overath and von der Mosel identified the two-dimensional
Busemann—Hausdorff area integrand as a positive definite, semi-elliptic Cartan integrand so that the
existence result for Cartan minimisers yields a solution to the Plateau problem in Finsler space. The
crucial part for the positive definiteness (see Theorem 3.3.5) is a representation of the Busemann—
Hausdorff area integrand as a spherical integral (see Theorem 3.3.2) found by Overath in [ ]
which holds in arbitrary codimension. The semi-ellipticity of the Busemann—Hausdorff area integrand

for reversible Finsler metrics has been proved by Busemann in | | — but only in codimension one.

Recently, Burago and Ivanov | | established this semi-ellipticity in arbitrary codimension (see
Theorem 2.2.2). Their work uses concepts from multilinear algebra, convex geometry and convex
analysis. Essentially, they showed that the convexity condition for the Busemann—Hausdorff area

integrand is equivalent to the existence of so-called calibrators which support the area integrand “in



every direction” (see Lemma 2.2.4). Subsequently, they reformulate the notion of a calibrator into an
inequality regarding the Euclidean area of centrally symmetric two-dimensional polygons on the plane
(see inequality (2.2.22)). This inequality is proved with elementary results from convex geometry and
convex analysis (see Theorem 2.2.7).

Therefore, in the last chapter we combine Overath and von der Mosel’s proof technique with the
result found by Burago and Ivanov and solve the Plateau problem in Finsler space in arbitrary
codimension for a reversible Finsler metric.

The thesis is outlined as follows. Chapter 1 begins with basic definitions and results on multilinear
algebra, convex and differential geometry. These results are grouped into sections according to the
respective topics. In particular, we introduce in Section 1.1 the algebraic notions of the tensor product
and exterior power of a vector space. Subsequently, the Pliicker embedding and some properties
are presented. The section concludes with a Riesz-type isomorphism that arises in an inner product
space. In Section 1.2 we illustrate basic principles of convex sets and polytopes such as the polarity
of polytopes and polyhedral sets and the support function of a convex set. The next subsections
cover properties of the mixed volumes of convex sets and we develop a well-known explicit formula
for a certain mixed volume. Finally, a maximum principle for convex functions over convex domains
is presented. Section 1.3 introduces basic notions of differential geometry and serves as a reference
section for the subsequent chapters.

Chapter 2 covers an extensive treatment of Burago and Ivanov’s work | | on the convexity of
the two-dimensional Busemann—Hausdorfl area density. First, we formally introduce the Busemann—
Hausdorff definition of volume on a Finsler manifold. This extends to the notion of the Finsler area
functional areal of immersed m-dimensional submanifolds. Secondly, we define the convexity of an
area density and present Burago and Ivanov’s reformulation thereof. Using the concepts introduced in
Chapter 1, we prove the central result on polygons described above (see Theorem 2.2.7).

In Chapter 3 we formulate the Plateau problem in Finsler space for arbitrary codimension (see
Theorem 3.1.1). Subsequently, we give basic notions and results of Cartan functional theory. In
Section 3.3 we identify the Busemann—Hausdorff area integrand as a Cartan integrand which leads to

a solution of the Plateau problem.






Chapter 1

Preliminaries of multilinear algebra, convex geometry

and differential geometry

In this chapter we want to give an introduction to different concepts that are needed in the subsequent
chapters. The focus here lies on results of multilinear algebra and convex geometry, as they are used
extensively in Burago and Ivanov’s work on the convexity of the two-dimensional Busemann—Hausdorff
area density | ]. We present their work in greater detail in the next chapter. Differential geometric

concepts are stated merely for reference and we omit most of the proofs in the respective section.

1.1 Multilinear algebra

This section aims to introduce some results of multilinear algebra. We begin by algebraically defining
the tensor product of a finite number of vector spaces. This leads to elementary results for the exterior
power \" (V) of a vector space. In addition, the Pliicker embedding arises, relating m-dimensional
subspaces to a certain subset of the mth exterior power. By imposing an inner product structure
on the vector space V', we introduce the notion of a volume form and prove a Riesz-type theorem.
The results and notation in this section have mainly been borrowed from the treatise of Lee | )
Chapter 12]. The section on the Pliicker embedding is based on the book of Harris | |.

Some words to clarify notation. The set N is the set of natural numbers {1,2,3,...} and R is the
set of real numbers. All vector spaces are to be considered over the field of real numbers. In some
parts, we commit the mild sin of identifying a linear map with its matrix representation with respect
to a basis. In addition, we usually write Lv instead of L(v) for the image of a vector v under a linear
map L. A matrix A € R™*" is represented as (A%) = (A%);; = (A%)i=1,...mj=1,..n Or (A2, if

m = n. Therein ¢ is the row and j the column index.



Chapter 1 Preliminaries of multilinear algebra, convex geometry and differential geometry

1.1.1 THE TENSOR PRODUCT

Suppose Vi, Vs, ..., V,, are finite-dimensional F-vector spaces of dimensions ny, ns, . .., N, , respectively.
Recall that the cartesian product Vi x V5 x --- x V,,, turns into a vector space if it is endowed with
component-wise addition and scalar multiplication given by a(vy,va,...,vmn) = (avy,ave, ..., avy).
The cartesian product is of dimension ni +ng + ...+ n,,. Our aim is to construct a new vector space
V1@Ve®:---®V,, of (finite) dimension ny -ns - ... n,, which consists of linear combinations of objects
of the form vy ® V3 ® - - - ® v, where v; € V; and in such a manner that v; @ v2 ® - - - ® v,,, depends
linearly on each v; separately (as opposed to the cartesian product where the scalar multiplication
is not homogeneous in each entry separately). A natural algebraic way to achieve this goal is to
construct this new vector space as a certain quotient vector space. We begin by forming the free

vector space with basis Vi x V5 x -+ x V,,,, that is, define the set of formal sums

an € K,a, =0 for all but finitely many n € N}

F(N):= {Z ann

neN

where N :=V; x V x -+ x V,,,. We can define an addition and a scalar multiplication on F(N) by

(Z ann> + (Z bnn> =Y (an+bn)n,

nenN neN neN
a( g b,m) = g (aap) n.
neN neN

This turns F(N) into a vector space over the base field F of the vector spaces V;. Take note that by
definition any element of N is a basis element. In fact, the free vector space above is of dimension
[T, #F - dim(V;) = (#F)™ - [[;~, dim(V;). Here #S denotes the cardinality of a set S. Therefore,
when F = R this space is far too large for our intended purpose of creating a vector space of finite

dimension n4 - ng - ... - n,,. For this reason, we proceed by factoring out the linearity relations we are

looking for. Consider the subspace U of F(N) given by
span{(vl,...,avi+wi,...,vm)—a(vl,...,vi,...,vm)—(vl,...,wi,...,vm)‘aGR,vi,wi EVi}.

The tensor product of V1,Va,...,V,,, denoted as V] @ Vo ® --- ® V,,,, is defined as the quotient

space

Vi@Va@- @ Vi i=F(Vi x Vo x -+ x Vin)/U.



1.1 Multilinear algebra

The equivalence class of an element (vq,va,...,v,) In V1 @ Vo ® --- ® V,, will be denoted by
V] QU ® -+ @ Uy = (V1,V2,...,0,) + U.

and is called the tensor product of vi,vs3,...,V,,. By construction, the tensor product satisfies

our linearity requirements
’Ul®"'®(avi+wi)®"'®vm:a(’Ul®"'®Ui®"'®vm)+vl®"'®wz‘®"‘®vm

and any element of V3 ® Vo ® -+ - ® V,,, can be written as a linear combination of elements of the form
V1 QU ® - ® v, where v; € V;. As a real quotient space the tensor product is itself a real vector
space (see e.g. | , Theorem 7, p. 412]).

Amap F: V3 x Vo x--- x V,, — X into a vector space X is called multilinear if it is linear as a

function of each entry separately, that is, if foreach ¢ =1,...,m
F(vl,...,avi+wi,...,vm):aF(vl,...,vi,...,vm)+F(v1,...,wi,...,’um).

The tensor product satisfies the following universal property. A proof can be found in |

Proposition 12.7, p. 309] but it will be omitted here.

Proposition 1.1.1 (Universal Property of the Tensor Product Space)

Let Vi, Va, ...,V be finite-dimensional real vector spaces. If A: Vi x Vo x +-- xV,, = X is a
multilinear map into a vector space X, then there is a unique linear map AVieh® ® Vin > X
such that A= Ao m, where w is the projection map given by w(v1,va, ..., Up) ;= V] QU ® -+ @ Uy

That is, the following diagram commutes:

le%x-'-xvm%X

-

Mehe -V,

The strength of the universal property and the reason for its name lie in the fact that it uniquely
determines the tensor product up to unique isomorphism. Some texts also define a tensor product by
its universal property and subsequently use the construction shown above to prove the existence of a

tensor product (which by the following uniqueness result can then be called the tensor product).



Chapter 1 Preliminaries of multilinear algebra, convex geometry and differential geometry

Proposition 1.1.2

Let V1,Va, ..., V,, be finite-dimensional real vector spaces and suppose w': Vi X Vo X ... XV, — Z is
a multilinear map into a vector space Z with the following universal property.

For any multilinear map B: Vi3 x Vo x ... XV, = Y there is a unique linear map B:Z =Y such

that B= Bon'. That 18, the following diagram commutes:

V1><V2><-~-><Vm$>y

A1

Then there is a unique isomorphism ®: Vi @ Vo ® --- ® V,,, — Z such that 7' = ® o 7 where
T VixVox--xV, 2V -V, is the canonical projection.

Remark:
The preceding proposition shows that the details of the construction of the tensor product space are
irrelevant as long as the resulting space — in the notation of Proposition 1.1.2 this is Z — satisfies the

universal property.

PROOF OF PROPOSITION 1.1.2: The proof will be given by diagram chasing. First, we use Propos-
ition 1.1.1 for X = Z and A = «’. This gives a unique linear map AVioVa® @V, = Z
such that Aom = 7. Similarly, the universal property for Z from the hypothesis applied to the
vector space Y = V1 ® Vo ® --- ® V,;, and the multilinear map B = 7 yields a unique linear map
B:Z > VieVo®---®V,, such that Bor' = 7. In turn, the linear composite map C := AoB: 7 — 7
satisfies Con’ = AoBon' = Aor = /. If we reapply the universal property for Z from the
hypothesis for Y = Z and B = 7’ we see that C' is the unique linear map such that C o7’ = 7/. Of
course, the identity map Idz: Z — Z is also such a map and so by uniqueness we find that C' = Id .
Analogously (using Proposition 1.1.1 again for X = V1 @ Vo ® --- ® V,;, and A = 7), one obtains
BoA= Idv,@vs®---@V,,- Therefore, A and B are inverse to each other and setting ® := A proves the

claim. Since A is unique by the universal property, so is ®. O

To establish the dimension of the tensor product V3 ® Vo ® --- ® V,,, we need the following result
which involves a choice of basis for each component vector space V;. In fact, in the above construction
the vector spaces need not be finite-dimensional. The following will be the first explicit reference to a

finite basis. We will omit the proof again because it only involves standard arguments from linear



1.1 Multilinear algebra

algebra and usage of the universal property. Essentially, we can form a basis for the tensor product

space by taking all possible tensor products of basis vectors of the component spaces.

Proposition 1.1.3 (][ , Proposition 12.8, p. 309])
Let Vi, Va, ...,V be finite-dimensional real vector spaces of dimensions ny,no, ..., N, respectively.

Suppose {e&j),egj),...,e%)} is a basis for V; for each j =1,...,m. Then the set
C:= {6511)®e§3)®~--®6£::) 1§ij§nj,j:1,...,m}
s a basis for V1 @ Vo ® --- ® V,,,. Therefore, the dimension of V1 Q Vo ® -+ @ V,, is
dm (Vi@ Ve ®---QV,,) =ning -« nyy,.

Let us denote the set of multilinear functions F': V3 x Vo x -+- x V,;, = R by L(V1,Va,..., V3 R). Tt

turns into a vector space if endowed with the usual pointwise addition and scalar multiplication

(F+F)(v1,. oy 0y U) = F (01,00 05y 0m) + F (01,0 05,00 0)

(aF) (V1. 30y e oy Om) = a(F (U1, ..o, Vi ooy U)) -

The dual space of a vector space V' consists of all linear functionals w: V' — R and will be denoted by
V*. Its elements are called linear forms or 1-forms. When dealing with indexed sets of elements
of V and V* we will use lower indices to represent vectors and upper indices to represent linear forms.
Let {e1,ea,...,en} be a basis for V. The set {e',e?,...,e"} C V* defined by &'(e;) := 07 forms a
basis for V* and is called the dual basis to the initial basis for V. Here 6; is the Kronecker delta,
that is, (5; =1if ¢ = j and 0 otherwise. To avoid cluttering of indices we will occasionally denote the
} instead.

dual basis by {ef,e3,... e

*
n

Forw' e V¥ i=1,...,mdefineamap w!' @ w?®@---®@w™: V; x Vo x --- x V;;, > R by
WRwW?® - @w™)(v1, V2. .., Um) = w! (v1)w? (V) - W™ (V). (1.1.1)

2

We call this map the concrete tensor product of w',w?,...,w™. Note that the concrete tensor

product is well-defined. This function is multilinear because R is a field, that is,
wWwewWe---@wmeL(Vi,Va, ..., Vi R).

In fact, the space of multilinear functions is spanned be such elements.



Chapter 1 Preliminaries of multilinear algebra, convex geometry and differential geometry

Lemma 1.1.4 ([ , Proposition 12.4, p. 306])
Let Vi, Vs, ...,V be finite-dimensional real vector spaces of dimensions ni,na, ..., Ny, respectively.
Suppose {e(lj),egj), .. .,e%)} is a basis for V; and by {5%3‘)’5%]')7 . ,5@?)} denote the corresponding

dual basis for V* for each j =1,...,m. Then the set
is a basis for L(V1,Va, ..., Vi R).

Thus, we conclude that a multilinear function F' € L(Vy, Va, ...,V R) is uniquely determined by its

values Fj,i,.. 4, = F (ez(-ll), 6522), ces egz)) on a basis — analogously to linear functions. By Lemma 1.1.4

and Proposition 1.1.3 both vector spaces L(V1,Va, ...,V R) and Vi @ Vo ® - - - ® V,,, are of the same
dimension and therefore isomorphic. Naturally, the question arises whether there is an even stronger
connection between these spaces that respects the algebraic structure, that is, the multilinearity of

the elements. Indeed, the following result holds.

Lemma 1.1.5 (| , Proposition 12.10, p. 311])

If Vi, Vo, ..., Vi, are finite-dimensional vector spaces, there is a canonical isomorphism such that

Vi@ Vy @ @ Vi 2 L(Vi, V., Vi R).

PROOF: Define a map ®: Vi* x V5f x -+ x V. — L(V1,Va,...,Vu; R) by
(I)(wlaw27' < 7wm)(1)17’02, s 7Um) = wl(vl)wz(UQ) o wm(UTYL)

Because each w' is a linear form the expression on the right is indeed a multilinear function in the

arguments v, va, . . ., Up. Further, ® is a multilinear function in the arguments w',w?, ..., w™ because

D(wh,w?, . awt + 3. w™) (1, v Um) = W (01)wP () - (aw® 4+ T) () - W™ (Um)
= wh(v1)w?(vz) - (aw’ (v;) + & (v)) -+~ W™ (vm)
= aw' (v1)w’ (v2) - W' (v3) - W™ (V)
+wh(v)w? (v2) - & (v) - W™ (V)

=a®(wh,w? .. W w™) (v, V2, V)

~1

+®wh W& w™) (v, v, V).

By the universal property of the tensor product (Proposition 1.1.1) ® gives rise to a unique linear

10



1.1 Multilinear algebra

map ®: V@ Vs @@V, — L(V4,Va, ..., Vp: R) such that
D' QW@ @W™) (U1, 02, V) = w (1) (V2) - - - W™ (V).

From this property we can conclude that ® takes tensor products to concrete tensor products of linear
forms as defined in (1.1.1). In addition, this implies that ® takes the basis of VieVsye---e V)
given by Proposition 1.1.3 to the basis of L(Vi,Va,...,V;,;R) given by Lemma 1.1.4, so it is an

isomorphism. O

Through this identification, the elements of Vi* ® V5* ® - -- ® V3 can either be regarded as elements
of the abstract tensor product space or concretely as multilinear functions — whichever is more suitable.
Furthermore, each vector space V; can be canonically identified with its bidual space V** by the
isomorphism ®: V. — V** &(v)(f) := f(v). If we fix a basis {e1, ea,...,e,} for V and denote its dual
basis by {e},e5,...,el} and its bidual basis (the dual of the dual basis) by {e;*,e5*, ..., e;*} then it
can be seen that ® is an isomorphism. The mapping ® sends a basis vector e; of V' to a basis vector
e of V** because

B(ei)(€f) = ¢ (es) = 8] = ¢ (¢}).

Hence, @ is bijective. Therefore, we obtain another canonical identification for the spaces

M -V, 2V V" -V = LV, Vs, ...,V R).

m m?

1.1.2 THE EXTERIOR POWER

Henceforth, we only consider a single n-dimensional vector space V. For an integer 1 < m < n, let us
denote the m-fold tensor power V¥ :=V @ --- @V by T™ (V). An element o € T™ (V) is called
an m-tensor of V of rank m. We want to focus on elements of 7 (V) that are alternating. An
m-tensor v @ V2 @ - - - ® vy, of V' is called alternating if v; = v; for some i # j. Denote the subspace
spanned by such alternating tensors by U’. Then we define the m-th exterior power of V to
be A"(V) :=T™(V)/U’. The equivalence class of an element v; ® v2 ® - -+ ® vy, in A" (V) will be
denoted

VIAVIA - AUp =0 QU ® -+ ® Uy + U

The elements of A" (V) and A" (V*) are called m-vectors and (exterior) m-forms respectively.

11



Chapter 1 Preliminaries of multilinear algebra, convex geometry and differential geometry

Recall that we can think of both m-vectors and m-forms as multilinear functions on V™ and (V*)™
respectively. Note that these multilinear functions are alternating (that is, they evaluate to zero
on repeated arguments) by the definition of the exterior power. From this point, we will almost
exclusively present properties of m-vectors. Similar results hold for m-forms by exchanging the roles

of V and V* and by using the isomorphism between V and V** wherever necessary.

An m-vector is said to be simple if it can be expressed in the form o = vy Avy A -+ A vy,
where v1,vs,...v, € V are linearly independent. The subset of A" (V) of all simple m-vectors is
called the Grassmannian cone GC,, (V') — the reason for this nomenclature will be explained later.
It is important to notice that not every m-vector is simple (as we will see shortly) and that the

representation as v1 A vg A - -+ A vy, 1S, in general, not unique.

The significance of the simple m-vectors is that they provide a basis for A™ V. Therefore, every

non-simple m-vectors can be written uniquely as a linear combination of simple ones.

Lemma 1.1.6 (| , Proposition 14.8, p. 353])

Suppose {v1,va,...,v,} is a basis for V. Then for each 1 < m < n the set
L:={vy ANvig Ao A | 1<y <idg <o <y <}

constitutes a basis for the exterior power N\™ (V). Therefore, its dimension is
m n
aim (A" v)=(").
A7) = (o)

Let {v1,va,...,v,} be a basis for V. Define the alternation mapping Alt: 7"V — A" (V) on a

basis m-tensor as the signed average over all permutations of the components of this tensor, that is,

1
Alt(vil RV, ®++ & 'Uim) = ﬁ Z sgn (U)Ua(il) A Vo (ig) VANIERAN Vo (i) -
’ O’ESm

Given an m-vector v € A" (V) and an l-vector w € A'(V) where 1 < m + [ < n, we define their

wedge product to be

(m+0)!
VAW = WAPE(U ® w).

The wedge product is a mapping from A™(V) x A'(V) to A™TH(V).

12



1.1 Multilinear algebra

Lemma 1.1.7 (Basic Properties of the Exterior Power)

(i) BILINEARITY: Fora € R, ve A™(V) and w,w’ € N (V)
(aw +w') Av =alwAv)+ (W Av),
v A (aw+w') = alv Aw) + (v Aw').
(ii) ASSOCIATIVITY: Forv e A*(V),w e A'(V) and u e N™(V)

(wAw)Au=vA (wAu).

(#i) ANTICOMMUTATIVITY: Let v1,vs,...,U;m € V and o € Sy, be a permutation on the integers

{1,2,...,m}. Then
Vo(1) N Vg(2) A=+ AUg(im) = 8g0(0)V1 AV A=+ A Vg
Furthermore, forve N™(V) and w € AN (V) and a simple m-vector u € GCpy (V)
vAw=(=1)™wAwv,
uANu=0.
(iv) The ordered m-tuple (v1,va,...,vy) is linearly independent in V if and only if

1)1/\1)2/\"'/\’Um7£0.

(v) Suppose W is a linear subspace of V. and By := {wy,wa, ..., wn} and By := {v1,v2,...,0n}

are two bases of W. Then
VI AV A AUy, = Awyp Awg A -+ A Wy,

for A =det (TZJ) #£0 where T: W — W s the linear map sending By to Bs.

45=1,s

PROOF: We omit the proofs of the parts (i) - (iii) (see | , Proposition 14.11, p. 356]). To
prove part (iv) (] , Problem 14-4 (a), p. 376]) suppose v1,va, ..., v, are linearly independent.
We can extend {v1,vs,...,vn,} to a basis {vi,va,...,v,} of V. The top exterior power A\"(V) is

13



Chapter 1 Preliminaries of multilinear algebra, convex geometry and differential geometry

one-dimensional by means of Lemma 1.1.6 and is spanned by the non-zero n-vector
0FviAva A~ Avy = (V1 Ava A Avp) A (Va1 AUmaa A Avy),

S0 U1 Avg A+ Avy, # 0. Conversely, suppose that vy, vs,. .., v, are linearly dependent and assume

without loss of generality that v; = a?vy + ... 4+ a™v,,. Then
VI AV A AU = (@Pva + .o @™ 0m) A (V2 A Avp,) =0

where the last equality is due to parts (i) and (iii).

For part (v) (| , Problem 14-4 (b), p. 376]) consider the linear map T: W — W given by
Tw; := v; for i = 1,...,m. In slight abuse of notation we identify the linear map T with its
matrix representation. Since both m-tuples span the same vector space we can express v; as a linear
combination of the wj, that is, v; = Tw; = Z;-n:l T?w; where T? € R. Then by using part (i) we find
that

VI AV A AV, =Twi ANTwa A -+ - NTw,y,

m m m
_ J1,,, . J2, j )
= TV wy, | A E Tywj, | Ao A E T wj,
Jji=1 Jj2=1 Jm=1

m m )
= > (Hﬂ”) Wi, Awjy A+ Awj,,.

J1:925--Jm=1 =1

By definition of the exterior power, any m-vector is alternating. Hence, any of the summands where
any two of the indices j; coincide can be discarded. Thus, only summands where (ji, j2,. .., Jm) are a

permutation of (1,2,...,m) add up. By this reasoning and part (iii) we can write

m
AN WA AR e Z (HTlg(l)> Weo(1) N We(2) A=+ A Weo(m)

o€Sy, \l=1
= Z sgn (o) (HTlU(l)> Wy Awg A - A Wiy
oESH =1

The last coefficient is the determinant of the matrix of the map 7. This map is a bijection since W' is

spanned by both By and Bs. Thus, the determinant is non-zero. O

Now we are equipped to show that the set GC,, (V') of simple m-vectors is indeed a proper subset

of A" (V) as advertised earlier.

14



1.1 Multilinear algebra

Example:

Let o = ep Neat+egNhey € /\2(R4), where e; € R* are the standard basis vectors. Then o is not a simple
. . . 4 ;

2-vector. To show this, suppose ¢ = v Aw for linearly independent v,w € R*. Then v = Y i 0Ye

and w = E?:l Ve;. Using the basic properties (i) — (iii) in Lemma 1.1.7 we find

4 4 4 4
egtNest+esNeg=0=vAw= (ZaieZ) A ijej = ZZaibjeiAej
i=1 j=1 i=1 j=1
= a'ble; Aey +atbPer Aeg +atbdeg Aes + a‘brer ey
+a%bleg A ey + a?beq A es + a?bles A es + a’bres Aey
+a®bles Aep + a®bes Aes + aPbles A es + a’bres Aey
+a*bles Aep + a*bes Aes + a*bPey Aes + atbrey Aey
= (a'D® —a®bY)er Aea + (a'D® — a®bV)es Aez + (a'b? — a'bl)e; Aey

+ (a®b® — a®b?)eg A ez + (a®b* — a*b?)ea A ey + (a®D* — a?b)es A ey.

By equating coefficients we find for example that

(1.1.2)

Assume b® # 0 and substitute a' = Z—gbl into the first equation to get

3
4”132 2,1 _
b—gb b* —a“b =1.
But substituting the last equation of (1.1.2) into the left hand side of the previous identity gives the
contradiction
a2
b—3b1b3 —a®b =a® —a® =0 #1.
Thus, b3 = 0. But then we know from (1.1.2) that a®b* = 0 = a®b'. Suppose a® = 0. This contradicts

the second equation of (1.1.2). So, we must have b* = 0 = b' which contradicts the first equation of

(1.1.2) and therefore o is not simple.

15
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There is a useful characterisation of the exterior power of the dual space. Let us define a linear
mapping ®: A" (V*) = (A™(V))". First, define ® on simple m-forms and m-vectors by

P (W Aw Ao Aw'™) (0, Avjy Aee Ay, ) o= det (w” (vjk=))l,k:1,...,m‘

Then extend the above definition of ® bilinearly to all of A™(V*) and (A™(V))".

Lemma 1.1.8

The map ®: N™(V*) = (A" (V)" is an isomorphism. Moreover, if {e1,ea,...,en} is a basis for V

Qe Nef, Ao Nep ) = (ei Neg, A Neg, )"

K2

where the asterisk denotes the dual basis vector in the corresponding dual space.

PROOF: By definition, ® is a linear map. Let {e1,ea,...,e,} be a basis for V. Then {ef,e5,... ,eX}
is the dual basis for V* (we break with our convention of upper indices for linear forms here) and

the sets {e;;, Nejy, Ao Ae, |1 <id; <idp <...<ip <n}and B:={e Nej, A

2

“ANep 1<
i1 < i < ... < iy, < n} are bases for A™(V) and A" (V*), respectively. In addition, the set
C = {(es, Negxz A---Neg, )" | 1 <y <iy <...<iy, <n} forms the dual basis of (A™(V))".
We will show that ® maps the basis B to the basis C which proves that it is an isomorphism. Let

I =(i1,%2,---,im) and J = (j1,J2,-- -, Jm) be two strictly increasing multi-indices. Calculate

Olej Nef, A= Nep )(ej, Nej, A= Nej, ) = det (e;‘l (ejk)) = det (5;;)

Lk=1,....m /L k=1,....,m"

If I = J then the right hand side is the determinant of the identity matrix and evaluates to 1.
Suppose I # J, then there is at least one [ € {1,...,m} such that i; # ji for all k € {1,...,m},

that is, there is at least one row in the matrix ((5?’ which consists only of zero-valued

]k)l,kzl..,m
entries. Therefore, the right hand side in the latter equation evaluates to zero. This proves that

Dle; Nej, N Nep )= (e Ney, Ao Aeg, )" by definition of the dual basis. O

Hereafter, we will make no distinction between these two spaces and consequently let m-forms

we N (V*) act on m-vectors o € A" (V).

1.1.3 THE PLUCKER EMBEDDING

Let us investigate the implications of Lemma 1.1.7 (v) in more detail. Consider an N-dimensional

vector space V and define an equivalence relation ~ on the set ¥\ {0} by proposing that two non-
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1.1 Multilinear algebra

zero elements v,w € V are equivalent if and only if there is a non-zero number A € R such that
v = Aw. The equivalence class [v]. is the one-dimensional subspace spanned by v € V. The quotient
P(V) := (V\ {0}) / ~ is called projective space. Geometrically speaking, we can view the projective
space P(V) as the set of all lines in V that pass through the origin, that is, the set of all one-dimensional
subspaces of the N-dimensional vector space V.

Generalising the preceding idea, let us define the set G,,,(V) of all m-dimensional subspaces of an
N-dimensional vector space V for each 1 < m < N. This set is called the Grassmannian of V.

We introduce a mapping p: G, (V) = P (A" (V)). Let W € G,,,(V) be an m-dimensional subspace
of V and {wy,ws,...,wy} a basis of W. Define p(W) := [wy Awa A+ Awp].. By means of

Lemma 1.1.7 (v) this mapping is well-defined because different choices of bases for W yield the same

image in the projective space P (A" (V)). The mapping p is known as the Pliicker embedding.

Proposition 1.1.9 (| , p- 64])
The Pliicker embedding p: G, (V) — P(N\"(V)) is injective.

ProoF: This proof is due to | , Proposition 2.3, p. 3]. Define ¢: P(A™(V)) — UL, Gs(V) by

e(ul)i={vev

v/\w()e/\mH(V)}.

The set ¢ ([w]~) is a subspace of V' due to the bilinearity of the wedge product (Lemma 1.1.7 (i)).
Thus, the map ¢ is well-defined. We will show that ¢ is a left-inverse of p, that is, p o p =Idg,, (v)-
Let W € G,,,(V) be arbitrary with basis {wy, wa, ..., wp}, such that p(W) = [w1 Awa A -+ Awy,]._.
For each w € W, it is clear by Lemma 1.1.7 (iv) that w Aw; Awg A« - Aw,, = 0 hence, W C po p(W).
Conversely, if v € g o p(W) then v Awy Aws A -+ Aw,, = 0. Extend (wq,ws, ..., wy) to a basis
{wi,wa,...,w,} of V and write v = > | a’w;. The anticommutativity of the wedge product

(Lemma 1.1.7 (iii)) implies

i=m-+1
and because wi Awag A -+ Awpy, Aw; for i =m+1,... n are linearly independent (m + 1)-vectors by
means of Lemma 1.1.6, all the coefficients a’ for i = m + 1,...,n vanish. Thus, v = i dw, €W
and ¢ o p(W) C W. This proves that p is injective. 0

Many more results are known about the Pliicker embedding. For example, the Pliicker embedding

17



Chapter 1 Preliminaries of multilinear algebra, convex geometry and differential geometry

is, in fact, a topological embedding, that is, a homeomorphism onto its image and hence deserves its
name. For more details, we refer to the survey article | ]. The Pliicker embedding provides an

important relationship between m-dimensional subspaces and simple m-vectors.

Lemma 1.1.10 (| , Lemma 3.8, p. 7])
An element [w]. € P (A" (V)) lies in the image of the Grassmannian under the Plicker embedding if
and only if w is a simple m-vector. That is, [w]~ € Im(p) if and only if w € GC, (V).

PROOF: If w can be written as w = v1 Ava A+ - - Av,, for linearly independent vectors vy, va, ..., v, € V
then the subspace of V spanned by {v1,vs,..., vy} is m-dimensional, hence there is a U € G, (V)
with U = span{vi,vs,...,vn} and p(U) = [w].. Conversely, suppose [w]. = p(U) for some

U € G, (V). Choose a basis {uy,us,...,uy,} for U. Then by definition of the Pliicker embedding
[w]~ = [ug Aug A -+ Aty]~. Thereby, w can be written as Auj A ug A -+ A u,, for some non-zero

scalar A € R, and so w is a simple m-vector. O

Generally, an algebraic cone is a subset C' of a vector space such that Ac € C' whenever ¢ € C' and
A > 0. The Pliicker embedding provides us with a tool to treat the Grassmannian as a subset of the
projectivisation of simple m-vectors. This is the reason why the set of simple vectors is called the
Grassmannian cone GCp, (V). Thompson | , D- 196] attributes this nomenclature to Busemann,

Ewald and Shepard | ].

1.1.4 INNER PRODUCTS, VOLUME FORMS AND A RIESZ-TYPE ISOMORPHISM

Let us conclude the section on multilinear algebra by imposing an additional structure. Suppose
(V,(-,-)y/) is an inner product space, which is a finite-dimensional vector space with a positive-definite,
symmetric, bilinear mapping (-,-);,: V x V — R, called an inner product. Notice that the inner

product induces a norm
1
Iy V = Ry,v = (v,0)¢
on V. The dual norm
[wlly« == sup |w(u)]
llelly =1

of a linear form w € V* turns the dual space V* into a normed space. By the Riesz representation
theorem | , Theorem V.3.6, p. 228| the map J: V — V* given by J(v)(u) := (v,u), for

v,u € V is an isomorphism. The dual space V* turns into an inner product space by defining

18



1.1 Multilinear algebra

(w, V) = (T (w), J’l(y)>v. Since J~! is linear and (-, -), is bilinear, so is (-, -)y,.. The symmetry
of this mapping follows immediately from the symmetry of (-, -),,. Because J~! is an isomorphism

and the inner product on V' is positive-definite, the positive-definiteness of (-,-),,. follows.

With respect to this inner product on the dual space, J is an isometry, which means it is an
isomorphism that preserves the inner product. In fact, the dual norm as defined above is induced by
this inner product because J is an isometry. This can be seen by calculating that for some w € V*

and the corresponding v € V' with J(v) = w one obtains

[wlly. = sup |w(u)] = sup [J(v)(u)]= sup [(v,u)y[< sup |oflyllully = I[vlly
lull =1 lull =1 lull, =1 lull =1

Further,

= [lvlly,

(i) =1 ),

and thus,

lollye = llolly = (v, 00y = (T (@), T W)y = (W, why -

Moreover, we can endow the exterior power A" (V) with an inner product. Define it on simple

m-vectors by
(V1 Avg A - AU, wy Awa A=+ A wm>Nn(V) = det ((’Ui, wj>V)i,j:1...m

where v;,w; € V for i =1,...,m and extend bilinearly (see e.g. | , p- 192]). The symmetry then
follows from the properties of the determinant and the inner product on V. The positive-definiteness

is established as follows. The matrix G := (<vi’vj>V)ij:1“.m € R™X™ _ the so-called Gram matrix

of (-,-)y, —is positive semi-definite because for 0 # oo € R™

(1.1.3)

m 2
E QU
i=1

v

otGa = ZZO@ (Vi vj) 0 = <Za UZ,Zaij>

=1 j=1

\%

where we simply renamed the index j in the last equation. Suppose a # 0 is an eigenvector of G
and A € R its eigenvalue. Then A = ||>°1", aiviH?//HaH]?w > 0 by 1.1.3. Since the determinant is
the product of the eigenvalues, we have det(G) > 0. Further, det(G) = 0 if and only if at least
one eigenvalue equals zero. This means det(G) = 0 if and only if there is 0 # o € R™ such that

Yot aiv; = 0. Equivalently, det(G) = 0 if and only if the set {vq,v2,...,v,,} is linearly dependent.
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Due to Lemma 1.1.7 (iv) this means det(G) = 0 if and only if v1 Avz A+ - - Ay = 0. Hence, (-, ) Am (v
does indeed define an inner product.

Again the map J: A™(V) = (AN"(V))" given by J(0)(7) := {0, ) Am vy for o, € A™(V) is an
isomorphism which is isometric with respect to the induced dual inner product on (A™(V))"

Recall from Lemma 1.1.8 that A™(V*) and (A™(V))" are isomorphic through ®. Since now there
are inner products on each of these spaces at our disposal, the question arises whether & is also an
isomorphism of inner product spaces not only vector spaces, that is, whether ® preserves the inner
product.

Let Z := {(i1,09,...,im) | 1 < i1 <idg < ... < iy < n} and {ej,ea,...,e,} be a basis for V.
Further, let F =3,y a’el Aef, A---Nef and G=3, ;blel Nel A---Aef be two elements
of A™(V*). Recall that ®(ej, Nej, A---Nej

im

)= (e, Neiy Ao--Ae;, )" by Lemma 1.1.8. Tt follows

from the definition of the induced inner product on the dual space that

(B(F), B(@)pmvy)y = D, a'b (@ (ef, Aef, A-wnep ), @ (e, Ae, N NS vy
I,J€T
= Z a’b’ (e Ny Ao Nei )" (e, Aejy Aee A ejm)*>(/\m(v))*
I,JeT
= Z a’d’(ei, Neiy N Nei, e, Nej, A= Nej) ameyy
I,JeT
— Z aledet((eil,ejk>v)l7k:1w7m
I,J€T
IyJ * *
= Z a' b’ det (<e»l ejk> )
TR Vox _
IJer l,k=1,....m
_ I1J/ % * * * * *
= Z a'b <€¢1 Neiy, N Nep €5 Nej, /\---/\ejm>/\m(w)
I,JeT
= <F, G>/\"”(V*)‘

Thus, we have proved the following result.

Lemma 1.1.11

The spaces (/\m(V*), (- ->/\m(v*)) and ((/\m(V))* L (e ~>(/\m(v))*) are isometrically isomorphic by
means of the mapping ®: N™(V*) = (A" (V)" in Lemma 1.1.8.

Similarly to Lemma 1.1.8 we will not distinguish these two spaces and use either of the inner products
and norms - whichever is more convenient.
Two vectors v, v’ € V of an inner product space V are said to be orthogonal if (v,v’),, = 0 and

orthonormal if additionally (v,v),, =1 = (v/,v’),,. Let {eq,e2,...,e,} be an orthonormal basis for
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V. Then for two strictly increasing multi-indices I and J

= det (5?’

(i N€iyg Ao Neg, €5 ANejy A A ejm>/\m(v) = det ({e;,, €5,) ) ]k)hk:lmm .

l,k=1..m

By the same argumentation used in the proof of Lemma 1.1.8 the right hand side is 0 if 7 # J and 1

if I = J. The preceding calculation proves the next result.

Corollary 1.1.12
1<

An orthonormal basis {e1,ea,...,e,} for V yields an orthonormal basis {e;; Nei, N+ - Ne;,,

i1 <ig < ...<i, <n} for the exterior power \™ (V).

Corollary 1.1.13

The spaces (/\m(R"), ||-||/\m(Rn)) and (RN, ||-|lg~), where N := () and ||-|[gn is the standard
Euclidean norm on RN, are isometrically isomorphic.

PROOF: Let {ej,es,...,e,} be the standard orthonormal basis for R™. Due to the preceding corollary
the set € := {e;, Aey, Ao~ Ae;, |1 <iy <iz <...<ip <n}isan orthonormal basis for A" (R™).
Consider the set 7 := {(il, 19,y im) | 1<ii<ig <. <ty < n} of strictly increasing multi-indices.
Let ¢ := {€; | I € Z} denote the standard orthonormal basis for R¥. Since both spaces are of the
same dimension (), let ®: A™(R™) — R be the isomorphism that sends the basis £ to the basis €.

m

Then for 0 =Y,y a’e;, Aeiy A---Neg,, € N (R™) we have that

2

2
||0-||/\M(Rn) - Zalei1 A 61‘2 VANEERWAN eim

IeT

A™ (R™) 1€T

because of the orthonormality of £. On the other hand

2 2
[@(0) 5w = ||D_a'®(ei, Aewy A Aei)|| =D a'e| =D (a)
IeT RN IeT RN IeT

which proves the claim. U
Lemma 1.1.14
For any 0 = w1 Awa A -+ Wy € GCHy (V) it holds that

m

ol Am oy < TT il (1.1.4)

i=1

with equality if and only if wy,wa, ..., wy, are pairwise orthogonal.
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Proor: We will take advantage of the alternating property of the wedge product. By means of the

Gram—Schmidt process define the vectors

. w
w1 = wWh U1 = 7Hal||v
i—1 ~
w; = wi—z<wi,vj>vvj vy 1= th , 1=2,3,...m.
=1 v
Note that the vectors {w;, ws, ..., W, } and {vy,va,..., v, } are pairwise orthogonal respectively. By

definition of the vectors w; and v; and the multilinearity of the wedge product we see that

m—1
Wy AWy A v Ay = By Ag Ao A1 A | wm — > (wi,05)y,
Jj=1
m—1 ~
= TNADy A A Tt A — Y (w3 03) B A Dy A A Dy A o
= l[w;lly

=W AWy A+ AWypo1 N Wy,
where we used Lemma 1.1.7 (v) in the last step. Proceeding inductively, we have shown that
WL AW A" AWy, =Wy AWy A -+ AWy

Thus, it follows that

m
WI AW A AWy = W1 AWg A+ AWy = (HH@Z»V) VAV A A Uy
=1

Use the definition of the induced norm to get

i—1 i1
|willy = (Wi, wi)y = <w1 (Wi, vj)y 05, Wi Z <wka>vvk>
j=1 k=1 v
i—1 i—1i—1
2
= (wj, w;)y, — 22 (wi, v5)y, + Z Z (wi, v5)y (Wi, vy (Vf,VR)y, (1.1.5)
i—1 j=1k=1 —
=5k
i—1
= (wj, w;)y — Z <wz',1/j>%/ < A(wi, wi)y, = szH\Q/
j=1
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Subsequently, we find that

||U||A"'L(V) =|lwy Awa A A me/\m(V)

(H Wz‘”v) [or Avg A= Aol g vy

i=1

< (H |'Wz||v> [vr Ava A- e Avm | gm ) = (H ||wz||v>
i=1

i=1

The last inequality follows from Corollary 1.1.12 since {v1,va, ..., vy } is an orthonormal set of vectors.

Assume equality holds in (1.1.4). We will show that w; = w; with @; defined as above; for then

w1, Wa, . . ., Wy, are pairwise orthogonal by the Gram—Schmidt process. By definition of w;,
i—1
w; = w; + Z (w3, v5)y, ;-
j=1

Equality in (1.1.4) implies equality in (1.1.5), so that 23;11 (w,-,vﬁ%, =0 for all i = 1,2,...,m.

Therefore, for each i = 1,2,...,m we know that (w;,v;),, =0 for j = 1,2,...,i — 1. Hence, w; = w;.
Conversely, if wy,ws, ..., w,, are pairwise orthogonal then by definition of the norm on the exterior
power

[wi Awa A~ A gm ) = det ((wi, w;)y,) = det ((w;, w;)y0ij)

i,7=1...m i,5=1...m

m m 2
el - (Hmuv) . 5
=1 =1

Recall that the dimension of A" (V) is the binomial coefficient (:1) Therefore, the top exterior power
A" (V) is one-dimensional, meaning it is just a real line. A non-zero n-form w € A" (V*) = (A"(V))"
is called a volume (or orientation) form for V. In the two-dimensional case we will call an
element of \*(V*) an area form for V. A volume form provides the one-dimensional real line \" (V)

with an orientation in a natural way by proposing that v; Awvg A--- A v, is positively oriented if
w(vy Avg A+ Awvp) > 0.

Two volume forms w and w’ establish the same orientation if and only if the factor by which they differ
is positive. In particular, given a basis {ej, ea,...,e,} for V, denote its dual basis {e!,€2,...,&"}.
Then the n-form w, = ' A2 A--- Ae™ is a volume form such that weler Aea A---Ney) =10 Tt is

called the standard volume form. Since \"(V*) is one-dimensional, every other volume form w is
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a real multiple of the standard volume form w,.. Conversely, given an arbitrary volume form w one

can choose a basis {e}}™, for V such that w(ej ANehb A---Ael)=1.

Let {e1,€2,...,en} CV and {v1,va,...,v,} CV be two bases of V. Then the n-vectors v A wvg A
-+Av, and e; Aea A---Ae, are consistently oriented with respect to a volume form w € /\n(V*)

if

sgn(w(vy AvaA---Awy,)) =sgn(w(ey Aea A+ Aey)).
Note that this can always be achieved by switching v; and vs if necessary. Lemma 1.1.7 (v) and the
properties of the norm on A" (V) imply

[lv1 /\112/\-~-/\vn||/\n(v) lw(vr Avg A Awy)|

lw(er Aea A=+ Aey)|

— |det(T)| =
llex Aea A Aenl angvy

wherein T: V' — V is the linear map that sends e; to v;. If e Aea A ... Ae, is a positively oriented

unit n-vector then

lw(vr Avg A+ Awvy)|

Avg A+ A nyy = 1.1.6
||U1 V2 UnH/\ (V) UJ(€1 /\62/\-~-/\€n) ( )
and if, in addition, w = w, is the standard volume form corresponding to {ej,es,...,e,} then
[vr Ava Ae e Avnl[gn ) = lw(vr Ava Ao Avg)l. (1.1.7)
In Euclidean space the following result gives meaning to the name “volume form”.
Proposition 1.1.15 (] , (5.3) Beispiel, p. 48])
Let vy, vs,...,v, € R™ be linearly independent vectors and P the parallelotope spanned by these vectors,

that is, P = {30 tyv; | t; € [0,1]}. Then L™(P) = [lvy Avg A -+ A Up|| An(gn) where LT is the
n-dimensional Lebesgue measure on R™.

ProOOF: The standard basis {ej,es,...,e,} C R™ is orthonormal with respect to the standard
Euclidean scalar product. Hence, [le; Aez A+ A€p|[ \n(gn) =1 by Corollary 1.1.12. Consider the
linear map T: R™ — R"™ that sends e; to v;. Then P is the image of the unit cube [0, 1]” C R™ under
this mapping. Recall that the n-dimensional Lebesgue measure of the unit cube is 1. Further, the
differential of a linear map is a linear map which has the same matrix representation. Now observe

that by the change of variables theorem (see e.g. | , §13, Satz 2, p. 120]) the n-dimensional
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1.1 Multilinear algebra

Lebesgue measure of P equals

£"(P) :/ 1dcr :/ |det dT| dC™ = | det T|£™([0, 1]")
T([0.1]") 0,17

~Jderr| = N A Al g e

let Aea A--- A en||/\n(Rn; = llor Ava Ases Avn pn . =

Hence, by using (1.1.6) and Proposition 1.1.15, we find that the volume form applied to some
vy Avg A -+ A, gives the (signed) n-dimensional Lebesgue measure of the parallelotope spanned by
the vectors vy, va,...,v, with respect to some normalisation. This normalisation corresponds to the
assignment of a value for the volume of the “standard parallelotope”. This geometric interpretation
justifies the given terminology.

The following considerations are needed in the application of multilinear algebra in Chapter 2.
Given a volume form w € A\"(V*), we want to to show that there is a Riesz-type isomorphism
between V and its dual space V* by using the volume form (instead of the inner product). Less

vaguely, let us define a map i,,: A" (V) — V* by
tw(o)(w) :=w(o Av) (1.1.8)
where 0 € A\" ' (V),v e V.

Proposition 1.1.16
The map ip: N (V) — V* defined by (1.1.8) is an isomorphism.
PROOF: First, note that both A" '(V) and V* are n-dimensional. Clearly 7, is linear because for

arbitrary but fixed v € V' we know that
iw(aoc + ") (v) = w((ac + ') Av) = aw(o Av) +w(o’ Av) = aiy(0) () + iy, (') (v)

where we used the bilinearity of the wedge product (Lemma 1.1.7 (i)) and the linearity of a volume
form. Let {vy,vq,...v,} be a basis for V. Any o € /\"_1(V) can be written as a linear combination
of basis (n — 1)-vectors o = Z;L=1 advy Avg A-++ ATj A -+ A v, where the hat indicates that v; is
to be omitted. Let o € A" (V) be such that w(oc Av) = 0 for all v € V. Note that if i # j then

Vi Avg A AUj A~ Avp Av; = 0. Thus, we have the following n equations

n
Ozw(a/\vi)=Zajw(v1/\Ug/\-~-/\i?j/\---/\vn/\vi)
Jj=1

:aiw(vl/\vg/\~~~/\ﬁi/\-~~/\vn/\vi)
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= (=1)""dlw(vy Ava A--- Avyp)

for i =1,2,...,n. Because w is not the zero form and v; Avg A -+ A v, spans \"(V), we find that
a'=0foralli=1,2,...,n, that is, o = 0. Hence, the kernel of i, is trivial and i, is injective.

Let [ € V* be arbitrary. For j = 1,2,...,n define the coefficients

) w l(v-)
7= (—1)" i
@ (=1) w(vg Ava A= Auy)

and set o := Z?Zl advy Avg A+ - AD; A+ -+ Avy,. Then i, (o) = [ since for arbitrary v = > fv; € V.
it holds that w(vy Ava A+ AT; A+ Avy Av) = (—=1)"7 Blw(vy Avg -+ Awvy,) and thus

adw(vr Ava A=~ AT A -+ Aoy A )

-

lw(o)(w) =w(o Av) =

<
I
—

S

(=1)"1(vy)
w(vr Ava A= Awy)

wvr Ava A== ATj A=+ Aoy A )

j=1
1 n
- Iw)Blwwi Avg A+ Aw
W(lev2/\-~-/\vn);(J)5 (v1 A vz )
n . n
St =1 (325 ) <10
j=1 =
that is, 7, is also surjective and thereby an isomorphism. -

Since dim (A" (V)) = (") = (,,”,,) = dim (/\nfm(V)) we know these two spaces are isomorphic
as vector spaces. This holds true generally for same-dimensional vector spaces, but the isomorphism
is not necessarily canonical (that is, basis-independent). In this particular case however, the so-called
Hodge dual x: \™ (V) — A"~ ™(V) indeed provides a canonical isomorphism between A" (V') and

A"""(V). Let us only state that the inner product structure and a fixed orientation is needed to

show that the Hodge dual is an isomorphism. It is completely determined by the equation
(FAN) A O = <)\,9)/\m(v)€ (1.1.9)

where \,0 € A" (V) are arbitrary and ¢ € A" (V) with llell \n(vy = 1 is the positively oriented unit
n-vector (see | , §2.22, pp. 108-110] or [ , §2.7, p. 15]).

Using the Hodge dual for m = 1 together with Proposition 1.1.16 yields the isomorphism

ly =l ox: V= V™ (1.1.10)
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1.1 Multilinear algebra

Note that we only needed an inner product for the Hodge dual — Proposition 1.1.16 holds more
generally in finite-dimensional normed vector spaces V. In particular, if the dimension dim (V) =n =2

then the isomorphism z,, suffices for our needs and no inner product on V is required.

Let us define an n-vector w* := (1,) " w € A"(V) = A"((V*)") as the pullback of the volume form

w by ¢, that is,

WP AP A A ") = w ()T A ) THE) A A )T ). (1.1.11)

for ! A2 Ao A" € GC,(V*) and extend linearly to A" (V*). This is well-defined because w
itself is an n-form and thus alternating. In addition, w* is non-zero because ¢, is an isomorphism.
Therefore, w* is a volume form on the dual space V*. It will be called the dual volume form with

respect to w.

Lemma 1.1.17
Let {e1,ea,...,e,} be an orthonormal basis for V. and w = we the standard volume form. Denote the

dual basis on V* by {e',e2,...,e"}. Then t,(e;) =& for alli=1,2,...,n and

W EPANEEAANEY) =1

Hsl /\52/\'-'/\5””/\”(‘/*) =1.

PROOF: The element e; A ez A ... A e, is the positively oriented unit n-vector of A\"(V) since its

components form an orthonormal basis of V. The first assertion then follows from (1.1.9) since

Lo(ei)(ej) = (Lw o x)(€:)(e5) = Lw(*ei)(e;)
= w(*e; Aej)
=w ((ei, ej)yerNea A A en)

:5§w(61/\62/\"'/\6n):5;
foralli,5=1,2,...,n. Then

W A2 Ao NED)

(W) VAT A A ) )

=w(etAea A ANep) = 1.

If {e1,e2,...,e,} is an orthonormal basis for V' then the dual basis {e!,2,...,&"} is orthonormal in

V* by virtue of the Riesz representation theorem. The definition of the norm on A"(V*) implies the
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final statement. O

Proposition 1.1.18 (Isometric property of ¢,,)
Let {ey,ea,...,en} be an orthonormal basis for V and w = w, the standard volume form. The

isomorphism v, given by (1.1.10) is isometric in the following sense:

[t (V1) A tw(v2) Ao At (On)l| gn ey = o1 Av2 Ao At An

for all vy Avg A+ Aw, € N (V).

PROOF: Recall that v; Ava A -+ Aw, # 0 € N"(V) if and only if vy, va,...,v, € V are linearly
independent. So, because ¢, is an isomorphism, the set {,,(v1), te,(v2), - - -, Ltw(vn)} is a basis for V* if
vi Avg A Avp #0€ N (V). Let T: V* — V* be the map that sends &’ to ¢, (v;) where & is the

dual basis vector to e;. Lemma 1.1.7 (v) and Lemma 1.1.17 yield

[[tw (V1) At (V2) A= At (Un)]| g 1oy
et A2 A~ Ae™|| gn ey

Jtw (V1) A tw(v2) A-e- A Lw(vn)”/\"(v*) =

= |det T

_ W* (b (V1) At (v2) A At (vp))
w* (el A2 A+ Nen)

= |w* (tw (V1) Aty (V2) A= Aty (vp))]
= |w(vy Ava A=+ Avy)|

= [lvs Ava A Avpl| Ay

The last two equalities follow from the definition of w* and (1.1.7). O

We state a technical result on the norms of n-vectors which is needed later. For the next lemma,
suppose V is an n-dimensional inner product space. Further, let w € A" (V*) be a volume form and
e € N\"(V) the unit n-vector which is positively oriented with respect to the orientation induced by w
(that is, [le[[ \n(yy =1 and w(e) > 0). Notice that the index set Z in the following lemma is slightly

different to our usage of it so far.

Lemma 1.1.19
Let {v1,va,...,u8} CV be a collection of vectors for arbitrary N € N. Suppose that for any strictly
increasing multi-index I € T := {(i1,12,...,in) | 1 <i1 <ia < ... < i, < N} of length n the n-vectors

Vi, AV, A= Av;,, are pairwise consistently oriented. Let m € {1,2,...,n} and fix a strictly increasing
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1.1 Multilinear algebra

multi-index J = (Jim+1, Jm+1s - -5 Jn) 0f length n —m such that m < j,41 and j, < N. Then
S v A Av, A A A, = > [vis A+ Aigy Ay A AV |-
IeT IeT
im<jm+1 /\"(V) im<jm+1

In particular,

:ZH’UZ‘1 A Vjy N Ny,
Ay TEZ

E Vig Ny N+ N,
IeT

AR (VY- (1.1.12)

PRrROOF: The second assertion follows from the first for m = n. If N < n then both sides of the
equation are zero (because Z = @). Therefore, suppose N > n. Since A" (V) is one-dimensional we
can write v, Aviy A--- AV, = Ciyiy..q, € for some coefficents ¢; 4,4, € R. All of the coefficients
Civig..in, = wW(Vi, Aviy A+ Aw; )/w(e) are either positive or negative for all I € 7 because the n-
vectors v;, A, A--- Awv; are consistently oriented. In other words, sgn (¢;,4,...4,) is constant for any

possible multi-index. Then

D lvi A A, AV A At sy
o IeT
tm <Jm+1

Z ’|Ci1.“im¢jm+1...jne”A?L(v) = Z |Ci1~~~im’jm+1~-]’n|||e||/\”(V)

o IeT _Iez
i <Jm+1 tm <Jm+1
= : ‘ci1<--7;7rz7j1n+1---jn|: : |C7;1--<7:7n;jm+1---jn
o IeT Iez
Im <Jm—+1 i <Jm+1

= z : Sgn (Cil---i7711j7n+1~~-jn)‘Ci1<~-im7jnl+1---jn = : Cil---im»jm«#l-“jn
o IeT o Iez
tm <Jm+1 tm <Jm+1

=41, const
and on the other hand
> v A AV AL A A,

o Iex
i <Jm+1

A" (V)

= Do Ciimiminine =| D Ciimimirin |l pney
IeT IeZ
Tm <Jm+1 A" (V) Tm <Jm+1
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= z : Ci1~~i7n7j7n+1~~jn °

o Iex
tm <Jm+1

This section concludes with the special case n = 2 for the previous result.

Corollary 1.1.20
If dim (V) = n = 2 in the setting of Lemma 1.1.19 then the formulae simplify to

7j—1
= Z [[vi A Uj”/\?(v)
i=1

Jj—1
E V; A Uj
i=1

A*(V)

for7=2.3,...,N and

Z v; A\ = Z ”Ui/\UjH/\z(V)'

1<i<j<N 1<i<j<N
SIS /\2(V) ANVAS
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1.2 Convex geometry

1.2 Convex geometry

The scope of this section is to introduce basic concepts of convex geometry. In particular, we define
polytopes — a special type of convex sets. Further, we describe the support function of a convex
set and state some results for the special case of polytopes. Subsequently, the duality between the
vertex and the half-space representation of polytopes is outlined. Further, we prove the Minkowski
inequality for convex bodies and use a geometric argument to establish a well-known explicit formula
for a specific mixed volume. Finally, we conclude this section with a result on the maxima of convex
functions on polytopes. The results in this section are borrowed from the textbooks of Bonnesen
and Fenchel | |, Brondsted | |, Griinbaum | |, Matousek | |, Rockafellar | |
and Thompson | , Chapter 0, Chapter 2|. Throughout the section (V,||-||,,) will denote an

n-dimensional normed vector space.

1.2.1 CONVEX SETS AND POLYTOPES

A non-empty subset C' of the vector space V is said to be conver if Az + (1 — \)y € C whenever
z,y € C and X € [0,1].

The segment joining x and y is defined as the set {Az + (1 — A\)y | A € [0,1]} and denoted as
[,y]. Thus, as a more geometrical characterisation of the previous definition, a set C' is convex if and
only if it contains all segments joining any two of its points.

Suppose A and B are convex sets. The Minkowski sum of A and B is
A+B:={a+blac A be B}.
For any non-negative real number «, define further
aA:={aa|a€ A}.

If A= {a} is a singleton then we usually write a + B instead of {a} + B. Note that the decomposition

of a vector v € A+ B as a sum of vectors in A and B is, in general, not unique.

Lemma 1.2.1

Suppose A and B are convex sets and a > 0 is a real number. Then oA+ B is a convex set.

PRrOOF: For i = 1,2 let ©; = awa; + b; where a; € A and b; € B and t € [0,1]. Then

try + (1 — t)ze = altay + (1 —t)az) + (tby + (1 — t)bs)
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which is an element of oA + B because A and B are convex. O

Using induction we can easily generalise the previous result and show that arbitrary finite linear
combinations of convex sets are convex. Furthermore, the associativity and commutativity of the
vector operations in V' translate to the respective properties for linear combinations of convex sets.

We can also show the following distributive law.

Lemma 1.2.2

Let «, 81, B2 > 0 be non-negative real numbers and suppose A1, Ay and B C V' are convex sets. Then

a4 + As) = ady + ady

(B1+ B2)B = 1B + B2 B.

PROOF: The first assertion follows from the distributive law on V since x € a(4; + As) if and only
if there are a; € A; such that z = a(a; + a2) = aa; + aas which is an element of aA; + aA,.
Similarly, if y € (81 + B2)B then y = (81 + B2)b = 1b + P2b and thus, y € 51 B + f2B. Conversely,
let y = B1b1 + B2be € 51 B + f2B. Because 3 and 3, are non-negative, the numbers ﬁllilﬁz and ﬁ
are non-negative and add to 1. Then the convexity of B implies ﬁbl + %bg € B and thus

B1 B2
B1 +52b1 * B1 +52b2

y = B1b1 + Baba = (B1 + B2) ( ) € (1 + B2)B. a

The reason we defined oA only for non-negative scalars is precisely because of this distributive
law which only applies to non-negative scalars. Also, for many of the sets that we will consider in
Chapter 2, multiplication by a negative scalar will be irrelevant because they will be symmetric in the

following sense.

A set A is symmetric with respect to the origin 0 € V if (-1)A = {—a | a € A} = A

Henceforth, if we use the adjective “symmetric” it always means symmetric with respect to the origin.

We can see as follows that any intersection of convex sets is convex. If x and y are elements of all
the members of the intersection, so is the segment joining = and y because each of the sets is convex.
But then the line segment already is contained in the intersection itself. Therefore it is fitting to
consider the intersection of the family of convex sets containing a given (not necessarily convex) set A.
By construction, this is the smallest convex set containing A. It is called the convex hull of A and

denoted by conv (A). Due to Carathéodory | , pp.103+115] the convex hull of a set A C V is
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characterised by

n+1

conv (A) = {Z Aia;

n+1
a; € A,)\i >0, Z AN = 1} . (1213)
=1

One can show that the convex hull operation preserves inclusions, in other words conv (X) C conv (Y)

itXcy.

A linear subspace W C V is trivially convex. Clearly, a singleton {x} is convex as well. Thus, any
translate of a linear subspace, that is, x + W is convex. Such a set is an affine subspace of V. Its
dimension is defined as the dimension of the subspace of which it is a translate. The dimension of
a convex set is the dimension of the affine subspace of smallest dimension containing the set. For
example, the dimension of a cube is 3, the dimension of a triangle 2 and the dimension of a point is 0.
Since any convex set is contained in the linear space V', the dimension of a convex set is bounded

above by the dimension n of the ambient space V.

A convex subset E of a convex set A is said to be an extreme subset of A if, whenever x € FE

and = Aa; + (1 — A)ag for a1,a2 € A and X € (0,1), then ay,az € E already.

A special type of convex sets, the “polytopes”’, will occupy much of our focus in this section and
the application later. To avoid unnecessary clutter in explicit calculations and formulae, we make
the following construction. Suppose {a1,as,...,an} and {b1,be,...,bpy} are two non-empty sets
of finitely many points in V. Any such two sets are in polytopial relation to one another if and
only if conv ({a1,as,...,an}) = conv ({b1,ba,...,bp}). Clearly, this defines an equivalence relation
because equality of sets is one such correspondence. The equivalence class [{al, as, ..., aN}Lwly can

be well-ordered when ordering the number of points of each of its elements with the usual order < of

the natural numbers N. For each equivalence class [{al, ag, ..., a N}] y the well-ordering principle

pol
then yields the existence of an element with a minimal number of points.

A polytope is the convex hull of the minimal element in the equivalence class of a non-empty set

of finitely many points in V, that is,
An = [a1az...ay] :=conv ({a1,as,...,an}),

where N is minimal as described above. The points aq,as,...,an are the vertices of A. In the
special case of dimension n = 2, a polytope is called a polygon. If there is no need for the number of
indices the index N will be omitted.

If not explicitly stated otherwise a polytope in V' is considered as full dimensional, that is, its dimension

is n. This can always be achieved by restricting the point of view to the affine subspace containing
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the polytope. In doing so, the number of vertices N is bounded below by n + 1. This can be seen
through (1.2.13).

The extreme subsets of a polytope are called the faces or j-faces if their dimension is j. The
(n — 1)-dimensional faces of a polytope are called facets. Note that the 0-dimensional faces of a
polytope are its vertices. One can show that the faces of a polytope are polytopes themselves (| ,

Theorem 7.3, p. 45]).

Lemma 1.2.3

A polytope is a convez, closed and bounded (and thus compact) set.

PROOF: Let A = [ajaz...an] be a polytope. By definition, a polytope is convex as the convex
hull of its vertices. Note that a polytope A is contained in the ball of radius max;—12 ... n [|aily
and thus bounded. Let (zx)reny C A be a sequence which converges to an arbitrary but fixed
x € V in the norm topology of V. We need to show that x € A. Any of the points z; can be
expressed as a convex combination of the vertices, that is, x; = vazl /\Z(-k)ai where vazl /\Z(-k) =1
and )\Ek) € [0,1]. Because [0,1] is a compact set there is a subsequence, say (ki,)ien C (K)ken,
such that (Agkil))i . converges to some A\; € [0,1]. But then there is another subsequence of
1
this subsequence, say (ki,)isen C (ki, )izen C (k)ken, such that both (Agkiz)) . and ()\ékb))' .
converge to some A\; and Ay € [0, 1] respectively. Iterating this process N tirrzlles and renamingliuhe
final subsequence yields the convergence of <)\Ek)>keN to \; € [0,1] for ¢ = 1,2,...,N. Further,
SN A = 2N dimpao AP = limg 0o SN, AP = 1. Define y := 3N, Mia; € A. Then the

triangle inequality for the norm on V' implies

N
k
ly = axlly < DA =5
=1

)
”azHV k—>oo> 0

and

e

ly =2l < lly = zxlly +llze —2lly ———
—00

Thus, x = limg_, oz =y € A. O

1.2.2 SUPPORT FUNCTIONS

Consider an (n — 1)-dimensional subspace W of V' with basis {wy, wa,...,w,—1}. Extend this to a
basis {wy,wa, ..., w,—1,v} of the entire space V and define a linear form f: ¥V — R on this basis

by f(w;) =0fori=1,2,...,n—1and f(v) = 1. Then ker (f) = W. Clearly, this particular linear
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form f is not unique — a different choice of basis yields a different linear form. Conversely, if f is a
non-zero element of the dual space V* then its image is all of R, because for a vector v ¢ ker (f) it
holds that f(av) = af(v) for all @ € R. The rank-nullity-theorem then states that the kernel of f is
of dimension dim (ker (f)) = dim (V') — dim (im (f)) = n — 1. Therefore, it is appropriate to introduce
the following notion.

A translate of the kernel of a non-zero linear form f € V* is called a hyperplane and the linear
form that generates it is a mormal to this hyperplane. If || f||;,. =1 then f is called a unit normal.

Note that the normal to a hyperplane is, in general, not unique.

Remark:

Suppose V is equipped with an inner product. Then the notion of normality introduced above coincides
with the usual geometrical understanding of normality. Consider a non-zero linear form f € V*.
Through the Riesz representation theorem f corresponds to a vector n € V' by f(w) = (w,n),, for all
w € V. A vector is normal to a translate x + W of a subspace in the usual sense if it is orthogonal to

all vectors in the subspace W. But then

W= {we V| {wn)y =0} = {we V| f(w) =0} = ker (),

that is, W + x is in fact a hyperplane as defined above. In this section however, we will not assume
that V is equipped with an inner product because the results hold in all finite-dimensional normed
spaces — which is the reason why we introduced the notion of normality for linear forms and not for

vectors.
A hyperplane H can be described as a level set of its normal f because

H=zx+ker(f)={x+v"|v €ker(f)}
={v=a+0"|v €ker(f), f(v) = f(v') + f(x) = f(2)}
={veV|[flv)=a} = Hu(f)

where a := f(z). Given a non-zero linear form f we denote the family of hyperplanes that f is
normal to by H,(f) where oo € R. Note ker (f) = Ho(f). Each hyperplane H,(f) bounds the two
closed half-spaces H} (f):={v eV | f(v)>a}and H, (f) :={ve V| f(v) < a}. Both of these
half-spaces are convex because f is linear and therefore any intersection of closed half-spaces is a
closed convex set. Using the Hahn-Banach theorem and its geometric variants, one can prove the

following partial converse.
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Proposition 1.2.4 (| , Theorem 2.1.8, p. 48])

Every closed conver set is the intersection of those closed half-spaces which contain it.

A hyperplane H := H,(f) is said to be a supporting hyperplane for a closed convex set K, if
KNH # @ and either K C HX(f) or K C H, (f). In this case we say that the linear form f
supports the convex set K at each point in K N H. Note that H'_(—f) = H (f) and thus, we may
restrict our point of view to hyperplanes of the form H; (f). If H, (f) is a supporting half-space for
K then m f is called an outer unit normal.

With all this notation at hand, we can introduce an important mapping corresponding to a given

bounded, closed and convex set K. The function

hi:V* =R, f+— sup f(z)
zeK

is called the support function of K. This function has the following properties.

Lemma 1.2.5

(i) The support function is sublinear on V*, that is,

hi(af) = ahk(f), fora >0

hi(f+9) < hx(f)+ hi(g).

(ii) The support function respects Minkowski sums, that is,

haorx = ahg, fora>0

hxix = hix +hgr.

(11i) If 0 € K then hi(f) > 0 and if 0 is an interior point of K then hx (f) > 0 for all f # 0.
(w) If K is symmetric then hi (f) = hx(=f) and hg(f) = sup,ex | f(2)]

(v) If K is the unit ball of V' then hx = |||,/

(vi) If K C K' then hx < hgr.

PRrOOF: Part (i) follows from the definition of hx. For part (i¢) calculate

har (f) = sup f(x) = sup f(ay) = asup f(y) = ahk(f)
rzcaK yeK yeK
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and

hgig (f)= sup f(z)= sup fly+y)
e K+K’ yeK,y'eK’
= sup f(y)+ f(y') =sup f(y) + sup f(y')
yeK,y'eK’ yeK y' eK’

= hi(f) + hw (f)

for f € V* and a > 0.

To prove part (i7i), suppose that hx (f) = sup,e f(y) < 0 for some f € V*. Since 0 € K, we have

the contradiction

0= f(0) < sup f(y) <0.
yeK

Let 0 be an interior point of K and suppose further there is f € V* with hx(f) = sup,cx f(z) =0,

that is, f|K = 0. Since 0 is an interior point there is a radius € > 0 such that the norm ball B.(0)

centered at 0 is contained in K. Moreover, f ’ B.(0) = 0. This already implies f = 0 since any
0 # x € V can be scaled by the factor ﬁ such that y := ﬁx € B.(0). The linearity of f then
A A%

yields f(x) = %f(y) = 0. For part (iv), note that if K is symmetric (that is, K = (—1)K) then

hi(=f) = sup(=f)(z) = sup f(-=)

zeK zeK

= sup f(z)= sup f(z)=sup f(x)
—zeK ze(—1)K rzeK

= hk(f).

For part (v) just note that 0 € K. Part (ii¢) and the definition of the dual norm immediately yield the
claim since hg (f) = sup e [f(x)| = || f|/ . Part (vi) is clear because sup, ¢ f(x) < sup,cg f()

if K C K'. g

Since hx is a positively homogeneous mapping its image is completely determined by the image of
linear forms of unit length. As mentioned earlier any closed convex set is contained in the intersection
of its supporting half-spaces. Although very important this is merely a qualitative statement. However,
the next result shows that the support function hx completely describes these supporting half-spaces

and provides a geometrical meaning to its value at a unit length linear form.
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Figure 1.1: Distance of 0 € K to H,(f)

Proposition 1.2.6

Let f € V* be a non-zero linear form. Suppose K is a closed bounded and convex set which contains
the origin as an interior point. Define « := hi (f) > 0. Then the hyperplane H,(f) is a supporting
hyperplane for K and K is contained in the half-space H, (f) = {ve V| f(v) < hg(f)} (that is,
f is an outer normal to Ho(f)). In particular, hg <W) gives the distance of the origin to the
hyperplane Hy(f) = {v e V| f(v) = hx(f)}, that is,

7f =dis
hx <||f||v*> = dist(0, Ho(f))- (1.2.14)

PrROOF: Since K is compact as a closed and bounded set in V and f is continuous, there is z € K
such that f(x) = sup,cx f(y) = hx(f) = a. Then z € K N H,(f). Further, K C H (f) because
f(z) <supyek f(y) = hi(f) for all z € K. Hence, H,(f) is a supporting hyperplane for K.

Note that by the linearity of f, 1 H,(f) = Hia(f) for all ¢ # 0. Therefore, the hyperplane H, (f)
parametrises the open half-space H (f) which is bounded by the kernel of f. Similarly, the hyperplane
H_,(f) parametrises the open half-space H; (f).

Then we calculate

—1

«

dist(0, Ho(f)) = inf = o \TE
ist(0, Ha(f) = __inf 2]y azeﬁla(f)(nzn)

-1 -1
=al sup =hk(f)| sup /(z)
2€H(f) ||z||v 2€H(f) ||2HV

-1
z
hx(f) <Zei?§f)f<nznv)> |
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z
HZHV

Thus, we can rewrite the supremum,

sup f % = sup f (Z) = sup f ( i ) = sup f < i > .
2€EH (f) H;HV z€XH.(f) ||ZHV 2€EHo (f) ||Z||v z2eV,f(z)>0 ||Z||v
>0 %<0 >0

Notice that

The expression does not change its value if z is scaled by an arbitrary positive factor ¢ > 0.

w

z —z z
sup f <> = sup —f () = sup —f <>
2€V,f(2)>0 ||Z||v 2€V,f(2)>0 H*ZHV 2€V,f(2)<0 ||Z||v

which implies

()|

sup f( i ): sup
2€V,f(2)>0 HZHV 2€V,f(2)#0

This finally yields

—1 —1
s (Z)‘ —he(f) [ swp |7 (2)‘
s NAVE LN ANE.

1 f >
=h — —=h — .
AT (IIfIIV* -

dist (0, Ha(f)) = hx (f) ( sup

The previous result will be used repeatedly in the proofs of explicit calculations on polytopes carried

out in Section 1.2.5.

1.2.3 POLYHEDRA AND POLARITY OF CONVEX SETS
Recall that if 0 € K is an interior point then hx (f) > 0 if f # 0. Therefore,

Ha(f)—{vevlf(v)éhx(f)}—{véV‘ h;(f)f(v)él}—Hf(f)

where f := #(f) f. Thus, we may restrict our point of view further to half-spaces described by H; (f).
By the previous proposition, we can then describe a closed bounded and convex set which contains

the origin as an interior point by

K= Hy (=) H <hK1(f)f> (1.2.15)

fev= fev=
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A polyhedral set P is the intersection of a finite number of half-spaces, that is,

M
P=()Ha(f)
i=1
for non-zero linear forms f* € V* and scalars a; € R,i = 1,2,..., M. We assume here that the number

M is minimal in the sense that none of the half-spaces H y (f7) may be omitted in the intersection
above (Brgndsted calls this an “irreducible” representation, see [ , D- 52]). One of the main

theorems in convexity theory of polytopes is the following statement.

Theorem 1.2.7 (| , Chapter 9, Theorem 9.2])
A non-empty subset P of V is a polytope if and only if it is a bounded polyhedral set.

This theorem gives two representations of a polytope — the vertex representation on the one hand
and the half-space representation on the other. An elegant proof, using only elementary arguments,
can be found in | , pp. 84-85]. There is a wide range of results on the combinatorial properties
of such sets — the text books | | and | | provide good references for this topic. Regarding
combinatorics of polytopes, let us only note here that a symmetric polytope has an even number
of vertices and an even number of facets, which can be deduced by using the vertex and half-space
representation respectively.

For the application in the next chapter we need another concept that plays an important role in
convexity theory. For each closed convex set K we can define its polar set K° in the dual space V*

by

K°:={feV"| f(zx) <1lforall z € K} (1.2.16)
— N eV | fa <1y,
zeK

It is clear that the polar set is non-empty since 0 € K°. The polar operation reverses set inclusions,

for if K3 C K then K3 C K7. Moreover, the next properties hold to be true.

Lemma 1.2.8

The polar set K° can be described through the support function of K as K® ={f € V* | hg(f) < 1}.
If B is the unit ball in V then B° is the unit ball in V*. The polar set is a conver and closed set. If
K is bounded then 0 € V* is an interior point of K°. Furthermore, if 0 € V is an interior point of K
then K° s bounded.

PROOF: Let f € K°, that is, f(z) <1 for all x € K. But then this also holds for the least upper
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bound, so hx (f) = sup,ex f(x) < 1. Conversely, if f € V* such that hx (f) = sup,cx f(z) <1, then
f(z) <1lforall xz € K, that is, f € K°. If B is the unit ball of V' then part (v) of Lemma 1.2.5 yields

B®={feV | hp(f) <1} ={f V" [|flly. <1}.
For any convex combination of elements of K°
(tf + (1 =t)g)(2) = tf(z) + (1 = t)g(x) <t +(1-t) =1

for all € K, therefore K° is convex. Further, let (fx)ren C K° and fj k—> f € V*. Then for all
— 00
reK

f(x) = f(x) = fe(@) + fi(z)
< = Felly- + ful(e)

<||f - 41 1.
S = fully- +1 o=

Thus, f € K° and K° is closed. If Bg(0) = RB;1(0) = RB is the norm ball in V' of radius R > 0

centered at the origin, note that by Lemma 1.2.5 (v)

hpr)(f) = Rhp(f) = R||f|

V*

and because B° is the unit ball in V* it follows that

(Br(0))° ={f € V" | hpyo(f) <1}
={feV"| R|flly. <1}
={fev | lIfly. <R7'}
= R™'B° =: Bj_.(0).

In other words, (Br(0))° is the norm ball in the dual space V* of radius R~! centered at the origin.
If K is bounded then there is a radius R > 0 such that K C Bg(0). As the polar operation reverses
inclusions, we have B},_,(0) C K°, that is, 0 is an interior point of K°. Conversely, if Br(0) C K for
some R > 0 the same argumentation yields K° C B},_,(0), that is, K° is bounded. O

Proposition 1.2.9

Let P be a polytope which contains the origin as an interior point. Then P° is a polytope.
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PROOF: Suppose P = conv (aj,as,...,ay). Then P is closed bounded and convex due to Lemma 1.2.3.
By Lemma 1.2.8 we know that P° is also closed, convex and contains 0 € V* as an interior point. In

addition,

N
Po= (WfeV | f@ <1 =({feV | fla) <1}
zEP i=1
The second equality follows from the fact that a; € P, so f(a;) < 1 for f € P°. Conversely,
suppose f € V* such that f(a;) <1foralli=1,2,...,N. We then have f(z) = f (Zfil )\iai) =
Z?]:l Aif(a;) < Zfil A; =1 for all z € P, that is, f € P°.
For any normed space the canonical mapping ®: V' — V**, &(v)(f) := f(v) is linear and preserves

the norm, that is, ||®(v)|

ver = |[vlly (see [ , Satz I11.3.1, p. 105]). This implies that & is
injective, for if ®(v) = 0 then v must be zero. Since V and V* and V** = (V*)* are all vector
spaces of the same dimension n, the map ® is already surjective by the rank-nullity theorem because

dim (im (®)) = dim (V') — dim (ker (®)) = n — 0 = n. Thus,
{feVvi]fla) <1} ={f e V" [®(a)(f) <1} = Hy (®(as))

is a half-space in V*, whence P° is a polyhedral set as the intersection of those finitely many half-spaces.
Furthermore, because P contains the origin as an interior point, the polar set P° is bounded due to

Lemma 1.2.8. By Theorem 1.2.7, P° then is a polytope. U

More precisely (or rather “conversely” in terms of vertex and half-space representations) the following

statement holds.

Lemma 1.2.10 (] , Exercise 3.4.7, p. 49] or | , Exercise 5.1.6 (b), p. 81])
If the convex polytope P (containing the origin as an interior point) is given via its half-space

representation as

M .
P=(veV|f)<1}

i=1

where f* € V* fori=1,2,...,M then the polar set is given via the vertex representation

P° = conv (fl,fQ,...,fM).

PrOOF: Define Q := conv (fl,fz,...,fM) CV* Theset Q°={0e€V* |0(f)<1lforall fe@Q}C

V** is its polar set. We will show Q° = P. Referring to the previous proof, recall the canonical
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isomorphism ®: V' — V** where ®(v)(f) := f(v). Using this identification, we consider Q° to be a
subset of V' and

Q°={veV|flv)<lforall feQ}= ﬂ{v€V|f(v)§1}.
feaq
Suppose v € Q°, then we have in particular f* € Q for i = 1,2,..., M so that f(v) < 1. Conversely,
suppose v € V so that fi(v) < 1 for all i = 1,2,...,M. Then for all f € Q we have f(v) =
(vazl )\ifi) (v) = Zil Nift(v) < Zf\il A; = 1. Thus, the last identity can be rewritten as

M
@=veVI|fw<}="P

i=1
By taking the polar yet again, this implies P° = @Q°°. (It is understood that this equality sign
refers to the identification of V* with (V*)** via the mapping ®*: V* — (V*)™  ®*(v)(f) = f(v).)
Furthermore, the polytope @ is bounded (Lemma 1.2.3) so that by Lemma 1.2.8 the set Q° contains
the origin as an interior point and is closed. Then Q°° = Q (see | , Theorem 2.2.6, p. 50]) which
proves the claim — again it is understood that the equality sign refers to the identification of V* with

V*** via the mapping ®*. O

Note that the number of facets and vertices of a polytope and its polar set interchange their roles. This
is one example of duality in the theory of convex polytopes and gives rise to the so-called “face-lattice”

(see [ , Chapter 1, §5, p. 291]).

1.2.4 MIXED VOLUME AND THE MINKOWSKI INEQUALITY

We introduce a quantity that relates a collection of convex sets with each other — the mixed volume.
For the application in Chapter 2 we prove the Minkowski inequality for convex bodies.

A convex body is a compact, convex subset of V' with non-empty interior. The collection of all
convex bodies in V' is denoted by C, = C4(V'). In Lemma 1.2.3 we have seen that any full-dimensional
polytope is a convex body. We need full-dimensionality here to ascertain a non-empty interior.

To motivate the notion of mixed volume, the following observation is useful. Using the homogeneity
of the Hausdorff measure on V', one sees that the measure of a scalar multiple @« = a1 +... 4+ af of a

set K is

H' (K + ...+ oK)= (a1 + ... +a)"H" (K) = Z .oy, | HY(K),
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that is, H" (a1 K + ...+ a K) is a homogeneous polynomial of degree n in the coefficients «;. In
greater generality, one can show that this holds for a non-negative linear combination of convex bodies.
In particular, for any collection of convex bodies {K1,...,K;} C V and non-negative coefficients
a; > 0 the map (aq,...,a5) — H" (an K1 + ... + aiKj) is a homogeneous polynomial of degree n

(see | , Theorem 2.3.6, p. 55]). Hence, it can be expressed as

k

H' (K + .+ apKy) = Y V(KiK. o, (1.2.17)

i1yeeerin=1

where the coefficient term V (K, ..., K; ) is symmetric in its arguments (because the Minkowski
sum in the left hand side is commutative) and is called the mized volume of the convex bodies
K;,,...,K;, . Note that the mixed volume is always a function of n arguments — the dimension of
the ambient space V' — independent of the length of the linear combination. By inspection, we can
see V(K,...,K) =H" (K). Furthermore, if any of the sets K, is translated linearly by some z € V
the invariance of Hausdorff measure (on the left hand side of (1.2.17)) under translations implies
that the mixed volume (on the right hand side of (1.2.17)) is invariant under translations of any of

its arguments. The symmetry of mixed volume allows to reorder and collect like terms in the above

polynomial expression. There are (jl,.ib.,jk) = (;) (”;2]1) e (”_31_]‘,;_“*1) terms such that j; of the
n indices i1, ...,1, are equal to 1, jo of the remaining n — j; indices are equal to 2, etc. The mixed
volume then only depends on the new indices ji, ..., jr and will be denoted by

V (Kilils - Kelge]) =V (K1, K1, ..., K1, K2, K, ..., Ko, ..., Ky, Ki, ..., Ky)
where K; appears j; times. Thus, the polynomial expression can be rewritten as

n ) . . 4
Wk brat) = 3 (" VUG Kiliaf o
Jjit..+ik=n J1, y Jk

For the Minkowski sum sK + tK’ of two convex bodies K and K’ this formula becomes

H" (sK +tK') =) C‘) V (K[n - j], K'[§])s" ¢, (1.2.18)

Jj=0

If s =1 in the last expression, we conclude the following formula.
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Corollary 1.2.11
The mized volume of K[n — 1] and K' = K'[1] can be calculated by

n I _ n
V(K[W”’K,)thhr%ﬂ (K+tK;) H"(K)
n t—

(1.2.19)

There are several inequalities that relate the different mixed volumes of a collection of convex
bodies. An important one is the Brunn-Minkowski inequality (see | , Theorem 2.3.5, p. 55|)
which will be included in the proof below. We will need the following consequence of this inequality

in the application in Chapter 2.

Proposition 1.2.12 (Minkowski inequality for convex bodies, | , 849, p. 91])
If K and K’ are convex bodies then

n—1

(V(K[n =10, K))" = (1" (K))"H" (K).

Proor: The Brunn-Minkowski inequality states that
1 1 1
(H"(1—a)K +aK'))" > (1—a)(H"(K))" +a(H"(K'))".

In other words, the map C, = R, K — (7—[" (K) ) ™ is concave. Then for fixed convex bodies K, K’ C V
1
the map [0,1] = R,a — (H" ((1 — «)K + aK’) )™ is a concave function. Define the function

|~

1 ES
n n

) _a(an(K/)) )

3

®:[0,1] 2 R,a— (H" (1 —a)K +aK'))" — (1 —a)(H" (K))
which is also concave since the additional terms are linear in a. Note that ®(0) = (K™ (K ))% -
(H™ (K)) " = 0and similarly ®(1) = 0. Note further that ® is a polynomial function in the variable o
due to expression (1.2.18) and is thus differentiable on (0, 1) and the one-sided limits for the difference
quotient at & = 0 and o = 1 exist. The concavity and continuity of ® imply that its (right hand)
derivative at @ = 0 must be non-negative. We will shortly see that this implies the claim but first let

us calculate the derivative of H™ ((1 — «)K + aK') at a = 0. Equation (1.2.18) yields

d% - (H" (1 - @)K +aK))
- d% - (; (j) V (K[n —j], K'[j))(1 — a)" o
=3 (M) v KD | (1)

a=0
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— V(K[ K] L

da
+2

(1—a)" +nV(Kn—1], K1) L

da ((1 _a)"—la)

a=0 a=0

((1 - a)"_jaj)

" n . . d
> () v -axi 5
=—nH" (K)+nV (K[n—1],K'[1])
3 (j) V(Ko = 3. K1) (j07 (1 =) = (n = /(L - ) I
=n(V (Kln— 1], K'[1]) - H" (K) ). (1.2:20)

The last equality uses the fact that all summands with index j7 > 2 contain a power of o which

vanishes at 0. Proceeding, one gets

DL =L [ (- K +ak)F (- ) (3 ()~ a(H ()]
a=0 a=0
_ %(’H” ()" d% . [’H" (1— a)K+aK’)] +(H(K)) " — (H (K'))™
Using (1.2.20), the last statement can be rewritten as
| = 00TV U ) = 3 1) |+ G2 (1) - (e ()

= (W (K)) T V(K — 1K) — (R (K))*

- (W ()T { V (K[n—1], K'[1]) — (H" (K))WT_’l (H" (K’))i}.
Thus, the non-negativity of % |a:0 implies the claim. O

1.2.5 AN EXPLICIT FORMULA FOR THE MIXED VOLUME OF A POLYTOPE AND A CONVEX SET

There is an intuitive geometrical way of calculating the Minkowski sum of a polytope A and a convex
body K. First, consider the set K’ := K — k where k is an interior point of K. Secondly, attach the
set K’ to each vertex of A and take the convex hull (see Figure 1.2 (a)). Lastly, translate by the
vector k, that is, A+ K = (A + (K — k:)) + k.

Lemma 1.2.13

Suppose Ay = A is a polytope and K a convex body in V and k an interior point of K. Their
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Minkowski sum is given by

N

A+ K = conv <U (ai—i—K’)) +k

i=1
where K' .= K — k.
PrOOF: Without loss of generality we may assume the origin is an interior point of K and k = 0.
For the sake of brevity let C' := conv (Ufil (a; + K)) Clearly, C ¢ A+ K, for if ¢ € C then
c= Zl":ll Ai(a;, + ki) where ZZ’;; AN =1k € K and a;, € {a1,az2,...,an} for I =1,2,..., N. Since
both A and K are convex ¢ = 7:11 \ag, + Z?:ll Mk € A+ K.

Conversely, let ¢ € A + K. Since each point in the polytope A is a convex combination of the

vertices aq,as,...,an, it follows that
N N
i=1 i=1

where Ef\il A= 1. O

As a motivation for the next result consider a polytope A C V with N facets F;. Recall that facets
are the (n — 1)-dimensional extreme subsets of A. Without loss of generality, suppose A contains the
origin 0 € V as an interior point. An intuitive way of calculating its volume is the following geometric
sequence of steps. First, one triangulates the polytope by connecting each of its facets with the origin
which creates N pyramids P; = conv (F; U {0}). Secondly, one adds up the volume of each pyramid.
Lastly, one recalls that the volume of a pyramid is simply the (n — 1)-dimensional volume of the “base”
times its “height” divided by the dimension n. (This can be proven by using Cavalieri’s principle, see

e.g. | , §5, Satz 3, p. 49].) To put this into more mathematical terms, intuitively, the volume of

Ais
N 1 N )
KA = LA = S A ()

where f? denotes the outer unit normal (see p. 36) of the facet F; and h 4 is the support function of
A. Due to Proposition 1.2.6 the value ha(f*) is the distance of the affine subspace containing the
facet F; to the origin (and so the height of the pyramid F;).

With the help of Corollary 1.2.11 the mixed volume of a polytope and a convex body can be

calculated geometrically. This leads to a formula very similar to the one which we just motivated.
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Lemma 1.2.14 (| , §29, Formula (3), p. 41ff])
Let A be a polytope with facets Fy, Fs,..., Fn, K a conver body in V' and k an arbitrary interior
point of K. Suppose f! is the outer unit normal to the facet F; and hy is the support function of K.
The mized volume of A, A,..., A and K is given by

N

(n—1)—times

V(A — 1], K) = %Zw—l(m)m{,k(ﬂ). (1.2.21)

PROOF: Since mixed volume is invariant under translation of any of its arguments, the left hand side
V (A[n — 1], K) equals V (A[n — 1], K — k). Without loss of generality, we thereby may assume K
contains the origin of V' and k = 0. Further suppose n > 2, for if n = 1 then A and K = [kq, ko] are
segments in the one-dimensional vector space V. In addition, N = 2 because the number of vertices
is minimal by definition of a polytope and, in fact, the facets of A coincide with the vertices which
are the endpoints of the segment. The value h (f*) gives the distance of 0 € K to its endpoints
(Proposition 1.2.6) and because the 0-dimensional Hausdorff measure counts the number of points in
a set, HO(F) = 1. Thus, 2322, HO(F)hx (£) = Y2, huc(£) = Ikally + [kally = llks — kally, =
H(K) =V (A]0], K). The third equality holds because the segment [k1, k2] contains the origin, so
k1 = —|k1]ex and ko = |ke|e; point in opposite directions.

By Corollary 1.2.11 the mixed volume in the assertation can be calculated through

V(An—1],K) = L g HE(AH ) —H" (4)

n t—0 t

So, a further examination of H" (A + ¢tK) is needed. We will show that the set A+tK can be subdivided
into several smaller pieces whose volumes are easier to calculate. According to Proposition 1.2.6 the
hyperplane H; := {y € V | f'(y) = hx(f%)} supports K, whereby there is z; € H; N K for each
i=1,2,...,N. Define the set P, := {y + sz; |y € F;,0 < s <t} = F; + [0, ¢x;]. This set describes a
prism with (n — 1)-dimensional base F; which is translated into direction x; (see Figure 1.2 (b)). Its

“thickness” or height is

hi=hapk(f') = ha(f*) = ha(f") +thx(f*) — ha(f) = thi (f')

where we used Proposition 1.2.6 twice to calculate the distances of the origin to the supporting
hyperplanes for A+tK and A defined by the normal f*. The hyperplanes H,(f%) = {y € V | fi(y) = s}

are parallel to the facet F;. Further, the intersection of a prism P; with these hyperplanes is either
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(a) Minkowski sum A + K (b) Dividing the Minkowski sum into prisms P; (light gray) and|
the remainder S (dark gray)

Figure 1.2: Calculation of the mixed volume V (A[n — 1], K)

empty or a translation of the facet F; into direction z;. In particular,

F,+vs ,5€ha(ft),harerx(fY)]

%) ;S ¢ [hA(fz)ahA-i-tK(fl)]

PN H,(f%) =

where vy € [0, tx;] is a vector in direction z; (of length S;Z’?;f)) |lzill;,). Then by Cavalieri’s principle

( , 85, Satz 3, p. 49]) we have

) hater ()
H™ (P;) = / H NPy N Hy(fY)) ds = / HH(F; +vg) ds
R ha(f%)
ha(f)+h
= / H"N(F) ds = hH" 1 (F)
ha(f7)

= 11" (F)hg (fY).
Each of these N prisms P; is contained in the sum A + ¢K (by definition of the Minkowski sum) but
not in A (by construction). Therefore,
N

A+tK =AulJPUS
=1

where S = (A+tK) \ (A U UiV:1 Pi) is the remaining part of the Minkowski sum “close to” the
(n — 2)-dimensional faces of A (dark gray in Figure 1.2 (b)). Note that this decomposition of A + tK
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is not pairwise disjoint but any intersection of the sets A, P; and S is lower-dimensional and thus a

set of n-dimensional Hausdorff measure zero. Therefore, we conclude

1. H'(A+tK)—H" (A)
n t—r>r(lJ t

1. H"(A) 4+ H (P) +H" (S) — H™ (A)
n t—0 t

_ Ly S T Ethie () + " (5)
T t>0 t

N
_1 n—1(p iy, Lo H'(S)
—EZ;H (Fi)hr (f*) + — lim ——"==.

H™(S)
T

We need to further investigate the term lim;_.q

The intersection of a facet F; with another facet F} is either empty or a face of A of dimension
J<n—-2(] , Theorem 5.9, pp. 30+33 and Theorem 10.4, p. 65]). Recall that a face of a polytope
again is a polytope and therefore compact by Lemma 1.2.3. Then the set

N
F=F"24):= |J (FEnEF)
i,j=1
i#]
is the union of all those faces of A which are of dimension j < n — 2. (In the two-dimensional drawing
Figure 1.2 the set F is represented by the “vertices” which actually consist of (n — 2)-dimensional

faces of A.) The set F is compact since it is the finite union of compact sets.

Define the radius R := SUD|| £, =1 hx(f) and recall from Proposition 1.2.6 that for each unit length
f € V* the hyperplane Hj,,(5)(f) ={v € V | f(v) = hx(f)} supports K, that is, Hy, s (f)N K # @
and the value hg (f) is the distance of 0 € K to this hyperplane. Geometrically, we may think of

R=sup huc(f) =sup { dist(0, Hor) () | €V ISl =1}
1 £1ly =1

as the supremal distance of 0 € K to the boundary of K or, in other words, the radius of the smallest

ball which contains K (Figure 1.2). That is,

N N
AU|JPUS=A+1tK C A+tBg(0) = (int(A)UUFZ-U]-'> + tBg(0).

i=1 i=1
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However, since by definition S ¢ (A U Uf\il Pi), we know that actually

S c F+tBr(0) = | J Bir(c).
ceF

Since the closure S is compact (because its bounded as a subset of the bounded convex body A + tK)
we may take a subcover of balls of radius ¢tR centered at finitely many, say M = M (K), points ¢; € F.

Therefore, the volume of S calculates to
M

H"(S) = H" (5) < Y H" (Bin(ei) = MH" (B1(0)) R"¢" = Ct"
i=1

where C' = C'(4, K,n) > 0 is a constant. Since n > 2, we conclude

0< limH (5) <Clmt" =0

t—0 t t—0

which finishes the proof. O

Note that if K = A the previous result produces the formula for the volume of a polytope which was
motivated earlier. Thus, a posteriori, we have also given a (rather complicated) proof of the usual

volume formula for polytopes.

For the next chapter we need to prove the following result about polytopes in a two-dimensional
space which intuitively holds true. Indeed, the proof is quite straightforward if one unravels all the

tedious definitions that will be made.

Lemma 1.2.15
Let P = [a1az . .. azan] be a symmetric polygon in a two-dimensional normed space V' with 2N vertices.
Further, let A1, Ao, ..., AN be arbitrary positive real numbers. Then there exists a symmetric polygon

Q = [b1ba ... ban] with 2N wvertices such that
bit1—b; = )\i(ai+1 - ai)

foralli=1,2,... N, that is, the ith edge of P is scaled by the factor \; and therefore the ith edges
of P and Q are parallel.

PRrROOF: The polygon @) can be explicitly constructed from P. We will prove this lemma by induction
on N. When N = 1, the statement is trivial because we can simply choose b; := Aja; and by := —b;.

Suppose the assertion holds for an N € N and let P = [a1az ... azn41)] be a symmetric polygon with
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A2 ag
A1
ai
aAN+1
X
AN+1
P A2N+2
aN+2
aN+3
(a) Initial polygon P
by
by

ban

byt

(¢) Scaled polygon Q

by
by \
bo

b1

(e) Translated set {Eo,go, . ,3N+1}

a2 N

(b) Polygon P without removed vertices a1 and an 4o

by
~ A
by w
bo
/
UN+1
~ X
bni1
(d) Extended set {EO,ZO, ... ,ZN+1}
bo
bn+1
b1
X
by o
Q ban2

bny3

(f) Scaled polygon Q

Figure 1.3: Constructing the scaled polygon @ from P for 2(N + 1) vertices
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2(N + 1) vertices. For i = 1,2,..., N + 1 define the vectors v; := a;11 — a; corresponding to the
edges of P and v} := \;v; which will become the edges of the polygon Q. To be able to apply the
inductive hypothesis we need to construct a symmetric polygon with 2N vertices (Figure 1.3 (a)).
We will do this by removing the vertices a; and ayy2 = —aq, that is, define the symmetric 2N-gon

ﬁ = [5162 .. agN] where

ai+1 iZl,Q,...,N
a; ‘= .
Gipa i=N+1,N+2,...2N

Further, define the new scaling coefficients

5o Ait1 i:LZ”WN—17
1 i=N

that is, the edge Uy := ay+1 — ay will not be scaled (Figure 1.3 (b)). By the inductive hypothesis

there exists a symmetric 2/N-gon @ = [5152 .. .52 ] such that
g¢+1 —b; = Xi(ai—i—l —a;)

foralli =1,2,..., N (Figure 1.3 (c)). Consider only the set {51752, .. ,EN} of the first N vertices.
For notational convenience let us forget about the remaining vertices and (re-)define two new vertices
by going along the initial scaled edges, namely, by := by — v} and EN-H = by + V41 (Figure 1.3 (d)).
Translate the extended vertex set {50,50, ... ,ZN_H} affinely such that EN+1 = —Zo and denote the
points by the same name (Figure 1.3 (e)). In fact, the map T: V — Vv — v — % (EN+1 +Zo> is such

an affine translation. Finally, we define the vertices

bi_1 i=1,2,...,N+1

b1 (vt i=N+2,N+3,...,2N +2

The 2(N + 1)-gon Q = [b1ba ... ban42] is symmetric by construction (Figure 1.3 (f)). Unwinding the

definitions, we compute

biv1 —bs :gi —5171 = F)\vifl(ﬂdi - 51‘71) = )\i(aiJrl - ai)
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for i =2,3,..., N + 1. Moreover, for i = 1

bQ*bl :gl750:"0/1:)\1’01:)\1((1270,1). O

1.2.6 CONVEX AND LINEAR FUNCTIONS ON CONVEX SETS
This section ends with some results on the action of linear and convex functions on convex sets.

Lemma 1.2.16

Let Vi and V5 be two finite-dimensional normed spaces and L: Vi — Va5 a linear map.
(i) If K1 C Vi is a convex body then L(Ky) C Vy is a convex body.

(ii) If Ko C im (L) C Va is a convex body then the preimage L~(Ks) C Vi is a convex set. If

further L is injective then L™Y(K>3) is a convex body.

(#1i) Suppose Py C im (L) C V4 is a polytope containing the origin given by its half-space representation
(Theorem 1.2.7)

M .
P={yevs | Fiy) <1}

i=1
for F* € V¥ Then the preimage Py := L™1(Py) C Vi is a polytope and its half-space representa-
tion is given by

M

Plzﬂ{xevl | fi(z) <1}

i=1

where f:=FioL € V.
(iv) If Ky C Vy is symmetric then the preimage L~=(Kz) C Vi is a symmetric set.

PRrROOF: For i = 1,2 let ; € Ky and y; € Ko such that y; = Lx; and let ¢ € [0,1]. Then by the

linearity of L
tyr + (1 — t)yg =tLxy + (1 — t)L.%‘Q = L(t.’lﬁl + (1 — t)ZEQ).

If K is convex this equality implies the convexity of L(K7) if read from right to left and conversely, if
read from left to right it implies the convexity of L=1(K3) if Ky is convex. If xg is an interior point of

K there is € > 0 such that By := BE”L”—I (z9) C K;. Let « be an arbitrary point in B;. Then
£(vq

\V2)

o4



1.2 Convex geometry

Lz € L(Ky) but also ||[Lz — Lxolly, < [[Ll £y, vy Iz — 2olly, < HLHL(VMVQ)EHLHZ(lVl7V2) = ¢, that is,
B.(Lzo) C L(K7). In other words, L(K7) has non-empty interior. Since a linear map is continuous,
the image of a compact set is compact. Therefore, L(K7) is a convex body if K is.

For part (ii) note that L: V4 — im (L), v — Lv is bijective and L~(K5) = L™(K5 Nim (L)).
Thus, we just interchange the roles of K7, V) and Ko, Vs, respectively, and apply (¢) to the linear map
L™V = Vi

For part (iii) denote Q := ﬂf\il{x € Vi | fi(z) < 1} and let v € P;. Then Lv € P,, that is,
1> Fi(Lv) = fi(v) for i = 1,2,..., M. Thus, v € Q. Conversely, if v € Q then fi(v) = F*(Lv) < 1
fori=1,2,...,M, that is, Lv € P,. Hence, v € P;.

For part (iv) suppose Ky is symmetric and let € L~'(K3), that is, Lv € K,. Since Ky is
symmetric, we know that L(—z) = —(Lz) € K3 or —x € L™1(K3). So, L7!(K>) is symmetric. O

Let us conclude this section with a result on the maxima of convex functions on polytopes. Suppose

A CV isaconvex set. A map F': A — RU{—00,400} is called a convex function if
Fov+ (1 —=XNw) <AF@)+ (1 —\N)F(w)

whenever A € [0,1] and v,w € A. We call a convex function F' proper if it nowhere takes the value
—o0o and is not identically 4o0.

An easy induction proves that the inequality above holds for arbitrary finite convex combinations.

Lemma 1.2.17
Let A € V be a convex set, v1,va,..., oy € A, A1, Aa,..., An € [0, 1] with Zi\il AM=land F: A —- R

a convex function. Then

N N
=1 =1

PROOF: For N = 1 the claim is trivial and for N = 2 it follows from the definition of a convex

function. Assume the assertion holds for N — 1. Note that Zf\;l Ai=1—-Ayor ZZ]\SI 1:\;\1\, =1.
Define w := Zf;‘ll 1—)\;\N v; € V. Then

N N-1
F (Z/\im) =F (Z )\ivi—&-/\N) =F((1 - Ay)w+ doyun)
=1 i=1

<(1=An)F(w)+ AF(vN)

N—-1

=(1-An)F <Z 1_)\;\NU1‘> + AF(vn)

i=1
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N-1
<= Y l_A;NF(vi) +AF(uy)
N =1

where we used the definition of a convex function for the first inequality and the inductive hypothesis

for the second. O
The following important maximum principle for convex functions holds.

Proposition 1.2.18
Let P = [ajas ...an] be a polytope in V and F: V — R a convex function which is bounded above on

P. Then the supremum of F' on P is attained at one of its vertices, that is,

sup F(x) = sup F(a;)= max F(a;).

zeP i=1,2,...,N i=1,2,...,N
PROOF: The second identity follows from the fact that {aj,az,...,an} is a finite set. It is im-
mediate that sup,_; oy F(a;) < sup,ep F(7) since {ay,az,...,an} C conv (ay,az,...,an) = P .

Conversely, let v = va:l Aia; € P where Zf\il A; = 1. Then the convexity of F yields

since v was arbitrary we get sup,cp F(z) < maxp—12.. ~ F(ai). O

In fact, this result holds true if P is merely convex and not necessarily a polytope but then the
supremum is attained on the set of extreme points (the extreme subsets that consist only of one
point), see | , Corollary 32.3.1, p. 344|. For the application in the next chapter only the special

case above is needed.
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1.3 Differential geometry

In this section we introduce basic concepts from differential geometry, such as the notion of a smooth
manifold and its tangent space and tangent bundle. We describe the differential of a smooth map and
examine smooth immersions and images of such maps. Finally, we consider Finsler metrics. In this
section and for the rest of this thesis we will use the Einstein summation convention, which means
that — if not explicitly stated otherwise — we sum over repeated upper and lower indices. We use the

convention that Latin indices run from 1 to n and Greek indices run from 1 to m. The presentation

given here is borrowed from | , Chapters 1.3 - 1.4, pp. 28 - 41, Chapter 2] which in turn is based
on the book of Lee | |. The source for the concepts of Finsler geometry is the textbook | |
by Bao et al.

1.3.1 SMOOTH MANIFOLDS

Suppose M is a topological space. We call M a topological manifold of dimension m or a

topological m-manifold if it fulfils the following three properties:

e M is a Hausdorff space: for every pair of distinct points p,q € M, there are disjoint open
subsets U,V C M such that pe U and g € V.

e M is second-countable: there exists a countable basis for the topology of M.

o M is locally FEuclidean of dimension m: for each point p € M there is an open subset

U C M containing p, an open subset U CR™ and a homeomorphism ¢: U — U.

A (local) coordinate chart is a pair (U, @) where U is an open subset of M and ¢: U — U is a
homeomorphism onto an open subset U = e(U) C R™. The set U is called a coordinate neigh-

L2, o u™)

bourhood and the map ¢ a (local) coordinate map. The component functions (u
of ¢, defined by ¢(p) = (ul(p),u?(p),...,u™(p))), are called (local) coordinates. Sometimes we
write p = (ul(p),u?(p),...,u™(p)) for the local coordinates of a point p € M and we use any of
the notations (U, ) = (U, (ul,u?,...,u™)) = (U, (u®)) for a coordinate chart (see | , pp- 2-4]).
Another way to emphasise the dimension dim (M) of a manifold is to write it as an upper index, e.g.
M™,

To make sense of derivatives of functions on a manifold or maps between manifolds we need to

introduce an additional structure which turns a topological into a smooth manifold. Consider two

coordinate charts (U, ¢) and (V) of a topological manifold M where U NV # &. The transition
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map between ¢ and 1 is the mapping
Yol pUNV)CR™ - 4(UNV)CR™

A smooth atlas A is the union of all those coordinate charts of M such that the union of the
coordinate neighbourhoods cover M and each transition map is a smooth map from R™ to R™, that

is, A fulfils the following two properties:

e M=Uweal

o Yot (UNV) — (UNV) is of class C°°(R™,R™) for all coordinate charts (U, ¢), (V, ) € A
with UNV # @.

Every smooth atlas A of M is contained in a unique maximal smooth atlas (] , Proposition 1.17,
p. 13]) — an atlas containing .4 which is not properly contained in any larger smooth atlas itself. A
smooth structure on a topological manifold M is a maximal smooth atlas. A smooth manifold
is a topological manifold endowed with a smooth structure. A coordinate chart of a smooth manifold
is called a smooth coordinate chart.

Let M™ and N™ be smooth manifolds. A map F': M — N is called a smooth map if for every
p € M there are smooth coordinate charts (U, ¢) containing p and (V,4) containing F(p) such that
F(U)CV and

F= P oFo<p_1 € C™(p(U),p(V))

where ¢(U) is an open subset of R™ and (V) is an open subset of R™. The function F is called
a coordinate representation of F. Note that this definition does not depend on the choice of
coordinate charts because the transition maps are smooth. The set of smooth maps between manifolds

will be denoted by C*° (M, N). In the special case when N/ =R we set
C™(M) = C®(M,R).

A homeomorphism from M to N is a continuous bijective map F: M — N that has a continuous
inverse. A smooth bijective map F': M — N that has a smooth inverse is a diffeomorphism from
M to N.

Now we will introduce a “local linear approximation” of a given smooth m-dimensional manifold M.

Let p be a point of M. A linear map v: C*°(M) — R is called a derivation at p if it satisfies the
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following product rule

v(fg) = f(p)v(g) + g(p)v(f) (1.3.22)

for all f, g € C*°(M). The set of all derivations at p is called the tangent space at p and is denoted
by T, M. An element of T, M is called a tangent vector at p. It can be shown that 7, M is an
m-dimensional real vector space. A basis of T),M can be given through a smooth coordinate chart

(U, ¢) = (U, (u®)) containing p by defining the derivations % |p as

0 0
=l (=521 (foe™)
Ou® P Ou® »(p)
for f € C*(U) and a =1,2,...,m (see | , Proposition 3.15, p. 61]). Note that on the right-hand

side the symbol % means the partial derivative with respect to the coordinate u® of a real-valued
function, whereas on the left-hand side it denotes a derivation. These basis tangent vectors are called
coordinate vectors and form the coordinate basis for T, M. Thus, any tangent vector v € T, M

can be written uniquely as

0

«

v =% —
(03

ou »

where v* € R and the summation convention is used if an upper index “in the denominator” is
understood as a lower index. That is, the right-hand side is understood to be summed over a =

1,2,....,m.

The tangent bundle of M is the disjoint union of all tangent spaces T, M to M, that is,

TM:= | | T,M.
peEM
Here the disjoint union ||, TpM is the set (U, \{p} x TpM. Thus, an element of TM is of
the form (p,v) where v € T, M. The tangent bundle of a smooth m-dimensional manifold is itself a
smooth manifold of dimension 2m. A local smooth coordinate chart (U, p) = (U, (u®)) of M extends
to a smooth coordinate chart of 7'M in the following way. Let w: T’M — M be the natural projection
map defined by 7(p,v) := p. The set 7= *(U) C T'M is the set of all tangent vectors of M at points
of U. Define ¢: n=1(U) — R*™ by

~ 0
® (pﬂ)a e ) = (u'(p),w*(p),...,u™(p),v", 0% ... ,0™). (1.3.23)
p
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Its image set is ¢(U,) x R™. It can be shown that this map is a smooth coordinate chart and all such
maps form a smooth atlas for T'M, turning it into a smooth manifold (see | , Proposition 3.18,

p. 66]). The local coordinates given by (1.3.23) are called natural coordinates on T M.

A smooth map F': M — N between two smooth manifolds gives rise to a linear map between their

respective tangent spaces. The differential of F at p is the linear map
dFy,: TyM = TppN

which for a fixed v € T, M is given by its action on f € C*°(M) by
dF, () (f) == v(f o F).

If one considers the differential at each point of M this map extends to a map between the tangent

bundles, called the global differential of F
dF: TM — TN, (p,v) — (F(p),dE,(v)).

If (U, ¢) = (U, (u®)) is a smooth coordinate chart of M and (V,) = (V, (z*)) a smooth coordinate
chart of A/ then the differential of F' at p can be locally expressed by

. 0 _ LOF D
dF, <v Pu p) = ) (1.3.24)

Oux 7 Ot Fp)
where F = o Fop ™ and p = p(p) are the coordinate representations of F' and p (see | ,

Equation (3.10), p. 63]). Here latin indices are summed over ¢ = 1,2,...,n and greek indices are
summed over a = 1,2,...,m.

A smooth immersion is a smooth map X : M — N whose differential dX,: TyM — Tx N is
injective at each point p in M. Equivalently, a smooth map X: M — N is a smooth immersion if
and only if dim (im (dX,)) = m for all p € M. A smooth embedding of M into N is a smooth
immersion X : M — A which also is a homeomorphism onto its image X (M).

Suppose X : M™ — N™ is a smooth immersion. One can show that locally X is an embedding,
that is, for each point p € M there is a neighbourhood U of p in M such that X|U is a smooth
embedding (see | , Theorem 4.25, p. 87]). As an open subset of M it is easy to show that U is a
smooth m-dimensional manifold (by restricting the coordinate charts to U, see | , Example 1.26,
p. 19]). Then the map X ‘U : U — N is a smooth embedding of a smooth m-dimensional manifold

into a smooth n-dimensional manifold. Another result (| , Proposition 5.2, p. 99]) shows that the
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image of a smooth embedding is again a smooth manifold of the same dimension as the manifold in
the domain of the embedding. Thus, the image S := X|U (U) C NV is a smooth m-manifold in the
ambient smooth n-manifold A wherefore it makes sense to consider the tangent space Txp)S to S at

a point X (p) € N.

Lemma 1.3.1
Let X: M™ — N™ be a smooth immersion, p a point in M and U C M an open neighbourhood of p.
Then the tangent space to S := X (U) at X(p) is given by

TxpS=d (X}U)p (T,U).-

Proor: By assumption d (X|U)p : T,U — Tx N is an injective linear map and therefore biject-
ive onto its image d(X|U) (T,U). Hence, both vector spaces Tx(,)S and d (X| ) (T,U) are
m-~dimensional. For dimensional reasons we need only show that d (X ’ T U) C Tx S to finish
the proof. Thus, suppose w € d (X| ) (T,U). Then there is v € T,U such that w = d (X|U)p v
As a composition of linear maps, w is a linear map from C*°(S) to R. We need to show the product
rule (1.3.22). Let f,g € C*°(S). Then f o X|U ,go X‘U € C*(U). Unraveling the definitions and
using (1.3.22) for v € T,U we get

w(fg) =d(X|,), (©)(f9)

v((fg) o X|,,)

v((f o X|)(g0X|,))

= (foX|,)pv(go X|,) + (g0 X[, )p)v(f o X|,)
= f(X(p)d (X],), )(9) +9(X(p))d (X],), ©)(f)
= f(X(p))w(g) + 9(X (p))w(f).

Therefore, w is a derivation at X (p) and so w € Tx(;)S. O

Furthermore, the injectivity of the differential of a smooth immersion immediately yields the next

result.

Corollary 1.3.2

Let X : M™ — N™ be a smooth immersion and (U, (u®)) a smooth coordinate chart of M at some
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0 0 0
(o (s o (] ) oo (12

is an ordered basis for the m-dimensional subspace Tx ) X(U) of the n-dimensional tangent space

Tx N to the ambient manifold N at X (p).

point p. Then

1.3.2 FINSLER MANIFOLDS

Let N be a smooth n-dimensional manifold and TN = [ | TN be its tangent bundle. The subset
0:={(p,0) € TN} of TN is called the zero section of TN

A non-negative function F': TN — [0,00) is called a Finsler metric if the following three

conditions are satisfied:
e Regularity : F € C*(TN \ 0o)NC°(TN).
e Positive homogeneity: F(p,tv) = tF(p,v) for all t > 0 and (p,v) € TN.

e Ellipticity: The coefficients gf;(p,v) = (3 F?)
(p,v) € TN\ o.

iy (p,v) form a positive definite matrix for any

The third condition is to be understood in the following way. Recall that a smooth coordinate chart

(U, (x',22,...,2™)) containing p € N induces natural coordinates ¢ = (z*,y*) on the tangent bundle

by v =y % » € T,N (see (1.3.23)). Then in local coordinate representation F is given by

~

F(p7,U) = F(xlﬁ'r27"'7xn7y1)y27""yn)'

It is with respect to the local expression F=Fo @~ ! that we take the derivatives with respect to 7
and y?. The collection of coefficients (gf; (p, v))ij are called the fundamental tensor and locally

define the fundamental form by

1 02

9F|(p7v) (u,w) := 3 950t | F%(p,v + su + tw) = gg(pm)uiwj

t=0

9
ozt

for all (p,v) € TN.

__ i 0
paW—w Dt

where u = u’

» € T,N. A Finsler metric is called reversible if F'(p,v) = F(p, —v)

A smooth n-manifold A together with a Finsler metric F is called a Finsler manifold and will

be denoted by (N, F) or (N™, F).
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Let p € N be fixed. One can show that the three conditions for a Finsler metric imply that F(p, -)
is an asymmetric (only positive homogeneous) norm on the tangent space T, N, that is, the following

additional two conditions hold (see [ , Theorem 1.2.2, pp. 7-9]).
e Positivity: F(p,v) > 0 whenever v # 0 € T,N.

e Triangle inequality: F(p,v; + ve) < F(p,v1) + F(p,vs) for all vy,v, € TN where equality

holds if and only if v = awv; for some « > 0.

If, in addition, the Finsler metric is reversible then one has absolute homogeneity and the tangent
space T, becomes a normed space with norm F(p,-) in the usual sense of functional analysis. The
positive homogeneity and the triangle inequality imply that F(-,-) is a convex function in its second
component.

A Finsler metric F is called a local Minkowski metric if for each p € N there are smooth
coordinate charts (Up, (x',22,...,2™)) such that the coordinate representation of F' at p is independent
of ?, that is,

~

F(p7v) :F(x1’$27"'7xn7y17y27""yn) = F(y17y27"'7yn)

where v = y' 52 » € T,N. A Finsler manifold (N, F) where F is a local Minkowski metric is called

locally Minkowskian.
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Chapter 2

The Busemann—Hausdorff definition of area in

Finsler geometry

In the first section of this chapter, we formalise the notion of Finsler volume introduced by Busemann
in | |. Subsequently, the Finsler area of an immersion arises. Similarly to Overath | |
we introduce the m-dimensional Busemann—Hausdorff area integrand which in turn leads to the
m-dimensional Busemann-Hausdorff area density.

The second section mainly contains an analysis of Burago and Ivanov’s paper ’Minimality of
planes in normed spaces’ | |. In their work they proved the convexity of the two-dimensional
Busemann—Hausdorff area density. Using multilinear algebra we introduce the concept of a calibrator
for an area density. We show that the convexity of a density is equivalent to the existence of such
calibrators. Subsequently, the defining inequality for a calibrator will be reformulated into the language
of convex geometry and an explicit construction for calibrators will be given. This finally results in an
inequality for polytopes on the two-dimensional plane.

Note that in contrast to Euclidean space or more generally Riemannian manifolds, there is no unique
notion of volume when dealing merely with a normed space or more generally a Finsler manifold. The
Busemann—Hausdorff definition is only one of many possible choices of volume in the setting of a
Finsler manifold. An alternative is the Holmes-Thompson volume ([ , Chapter 6]) which we do

not address here.

2.1 The m-dimensional Busemann—Hausdorff area density

Suppose (M™, F) is a Finsler manifold of dimension m. Let p € M be an arbitrary but fixed point

and (Up, ¢) be a smooth coordinate chart containing p where we denote the coordinate functions of ¢
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Chapter 2 The Busemann—Hausdorff definition of area in Finsler geometry

as (u',u?,...,u™). Then we define the (closed) Finslerian unit ball at p as

Bl :=={veT,M|F(p,v) <1} C T,M.

The Busemann—Hausdorff volume form is given by the volume ratio of the Euclidean and the Finslerian
unit ball. To make sense of the latter notion we need to use the local coordinate chart (U, ¢) and
the Hausdorff measure in R™. Let 7: TM — M, (q,v) — g be the natural projection map of the
tangent bundle and recall that ¢ induces natural coordinates (7~!(U,), ) on the tangent bundle

TM by (1.3.23), that is,

N Uy) — o(Uy) x R™, (q,vo‘ ) — (ul(q),uQ(q), Coou™(q), vt v L .,vm) )

(e}
8uq

The Finslerian unit ball at p in the tangent bundle — the set {(p,v) | v € BJ'} € TM — is contained
in 771(U,). Let my : R™ x R™ — R™, (z,y) — y be the projection map onto the second component.

Then the Finslerian unit ball at p corresponds to the set

Bf = WQOQE({(p,UHvEBf}) C R™.

Note that by using the natural coordinates one can rewrite this set as

éf = {v (', 02, ..., 0™) €R™

0
a 7 | ) <
F(p,v Ee p) < 1}

The m-dimensional Busemann—Hausdorff volume form is given by

dVE(p) = crp(p)du1 Adu? A« Adu™ (2.1.1)
where
Em
or(p) = (2.1.2)
Hm (Bp )

Here &, := H™(B7*(0)) denotes the volume of the m-dimensional Euclidean unit ball in R™ and H™

is the m-dimensional Hausdorff measure on R™.

The Busemann—Hausdorff volume of a subset 0 C M is defined as

volp(Q) := / _,Ve) (2.1.3)
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2.1 The m-dimensional Busemann—Hausdorff area density

If F' is a local Minkowski metric, that is, independent of the point p and M = R™ then the
Busemann—Hausdorff volume of the Finslerian unit ball B = {v € R™ | F(v) < 1} equals the volume

of the Euclidean unit ball

vle(B7) = [ ave(p)
peN
:/ AU A - A du™
peBF H™(BL)

:/ Einldul/\dUQ/\~-/\dum

- __fm / duldu? - - - du™

It is possible to show that for absolutely homogeneous Finsler metrics F', the Finsler manifold (M, F)
inherits a metric space structure ([ , §6.2, p. 145]). Busemann showed in | ] that the Finsler
volume volg of a set @ C M coincides with the Hausdorff measure induced by this metric space
structure. Using the Busemann—Hausdorff definition of volume we can introduce a way of measuring
surface area of a submanifold immersed into an ambient manifold.

Let m <n and X: M™ — N™ be a smooth immersion of a smooth m-manifold M into a Finsler

n-manifold (M, F). Then M inherits a pull-back Finsler metric through
X*F(p,v) :== F(X(p), dXp(v)) (2.1.4)

for (p,v) € T,pM. The map X*F: TM — [0,00) is indeed a Finsler metric, because X is smooth and
its differential at each p € M injective. The Busemann—Hausdorff area of the immersion X

for a measurable subset 2 C M is given by

aready (X) := / dVx«p(p). (2.1.5)
peQ

Therein, dVx«p(p) is given by the formula (2.1.1).
Let p € M be an arbitrary but fixed point and (U, (ul,u?,...,u™)) be a smooth coordinate chart

containing p. The local Busemann—Hausdorff integrand o x«z(p) can be rewritten as

Em

H™ ({v = (vl v2,...,om) e R™

ox+r(p) =

* o
(o 1) <1)
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Chapter 2 The Busemann—Hausdorff definition of area in Finsler geometry

Em

Hm ({v € Rm ’ F (X(p),vapr (8%

) =1)

Therefore, we define the map

ah: | | GCn(TN) — Ry,
9N (2.1.6)

Em
JwWL AWy A Awp) —
G Wm) = S (fo = (007, o) € R7 [ F (g 0mwe) <17

Recall that GC,,,(T,N') € A" (T, N') denotes the set of simple m-vectors on T, N'. Note that this map
is well-defined; for if wq A ws A - -+ A w,, is another representation of wy A ws A --+ A w,, then the
injectivity of the Pliicker embedding (Proposition 1.1.9) implies that the vectors {w;}"; and {w;}7™,

span the same m-dimensional subspace. Therefore the denominator in (2.1.6) does not change value.

We call af the m-dimensional Busemann—Hausdorff area integrand or m-dimensional
Finsler area integrand. Notice the similarity to the Finsler area integrand defined by Overath in
[ , Equation (2.1.5), p. 68]. Therein, Overath uses the representation of the differential in local
coordinates through its Jacobian matrix (see (1.3.24)) and defines the Finsler area integrand locally
over N x R™"*™, In the present work we use the above definition to apply Burago and Ivanov’s result.

Note that our definition is not a local one — which contrasts | |.

In local coordinates about p in M we thereby get

0 0
ANdX, | — A ANdX, | —— .
p) ' (8“2 P) ! <8um P))

Recall from the previous chapter that locally the image of the immersion X is a submanifold of

0
ox-r(p) = af:L (X(p)apr <6ul

dimension m in the ambient n-manifold N. By Corollary 1.3.2 we know that dX, (% p) A
dX, (% |p> A---NdX, (8%” |p) corresponds to the tangent space Ty (,) X (Up) through the Pliicker

embedding (Proposition 1.1.9). Thus, we may rewrite the expression (2.1.5) for the Busemann—

0
Yo

Suppose now that A" = R" and F is a reversible Finsler metric. Fix ¢ € R™. Then the tangent

Hausdorff area of an immersion X as

areag(X) :/ af:L (X(p),pr <361
PEQ u

)) dut A---Adu™. (2.1.7)
p

space Ty = T,R™ is canonically isomorphic to R" itself (| , Proposition 3.13, p. 59]). Since
F is a reversible Finsler metric, the function ||-||;, := F(q,-) defines a norm on the vector space

V :=R" = T,R™. Denote the closed unit ball by B := Bl = {v € V | F(q,v) < 1}. Then (V,|-||;,) is
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2.1 The m-dimensional Busemann—Hausdorff area density

an n-dimensional normed space. More generally, we can make the following definition.

Definition 2.1.1

An m-dimensional density on an n-dimensional normed space (V,||-||;,) is a continuous function
A: GC,, (V) — R, which is absolutely homogeneous, that is A(Ao) = |A| A(o) for all A € R and
o € GCp(V).

Definition 2.1.2
The m-dimensional Busemann—Hausdorff area density A" = AV . GC,,(V) — Ry in a
normed space (V, ||-||) is defined by

AP (o) = (2.1.8)

H (Lo ' (B))

wherein 0 = v1 Avg A ... Av,, and L,: R™ — V is the linear map that takes the standard basis
(e1,€2,...,€m) of R™ to (v1,vs,...,0m), that is, Lyeq = v4 for « =1,2,...,m.

Notice that vy, ve, ..., v, € V are linearly independent (because o € GC,,(V)) and the map L, is
always injective (and thus, bijective onto its image). Notice further that the map L, is not well-defined

as a function of o. However, the map A" is well-defined as we will see in Theorem 2.1.3.

The reason for the introduction of the function A®" becomes clear if we restrict our point of view
again to the specific normed space (R™, F(q,-)) with unit ball B = Bf. Then for fixed ¢ € R* = N

we calculate the value of AZ},Lm = Abh to

Abh AV A Avpy) = Em
am (VLA 02 Um) = 2 ({w € R | Lw € B)
H™ ({w = w¥q € R™ | wv, € BFY)
67”

H™ ({w = w¥e, € R™ | F(g,w%v,) < 1})

So, the m-dimensional Finsler area integrand given by (2.1.6) corresponds to the Busemann—

Hausdorff area density through

al (qui ANvg A Nop) = Agfbm(vl Ava A+ Aup). (2.1.9)

Theorem 2.1.3

The Busemann-Hausdorff area density A" is an m-dimensional density as defined in Definition 2.1.1.

PrOOF: First, we show that the map A% is both well-defined and absolutely homogeneous. Let

69



Chapter 2 The Busemann—Hausdorff definition of area in Finsler geometry

oc=v1 ANva A---Avy, and T = wy Awg A - - - Aw,y, be two simple m-vectors and let there be a non-zero
scalar A such that ¢ = A7. This means o and 7 span the same one-dimensional subspace of the mth
exterior power. We recall that the Pliicker embedding maps an m-dimensional subspace of V' to the
one-dimensional line spanned by the m-wedge of a basis of this subspace. In fact, because the Pliicker

embedding is injective (Proposition 1.1.9) we know that
span {v1,va, ..., Uy} = P =span {wy, wa, ..., wny}.

Then there is a bijective, linear map T': P — P which sends w, to v,. By virtue of Lemma 1.1.7 (v)
we know, that 0 = det T't and thus det "= A. Consider the two linear maps from the definition of

the Busemann—Hausdorff density

L,: R™ — Pey +— vq,

L :R™ = P e, — w,.

Each map is bijective onto its image, so we can define ¥, := L-1(v,) € R™. Then {01,02,..., 0y} is
a basis of R™. Now consider the linear map T:R™ — R™ sending the standard basis vector e, to v.

We can calculate

Tea = ”[]/a = L;l(ya) = L7__1 o Laea

and Lgyey, =vq =Twy, =T o Lyeg,.
Since this holds for « = 1,2,...,m, we get
Ly=L.oT=TolL,. (2.1.10)

From (2.1.10) we conclude that det L, detT = det(L, o T) = det(T o L,) = det T'det L, and thus

because L, is bijective we know
det T = det T = \.
Therefore, it holds that

H™ (L;Y(B)) = H™ ((LT o 'T“)fl (B)) = H™ (T—l o L;l(B))

- ‘detf‘l"}-{m (L7Y(B)) = [\ H™ (L74(B))

(2.1.11)
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2.1 The m-dimensional Busemann—Hausdorff area density

where we used the fact that linear transformations change the m-dimensional Lebesgue measure of
m-~dimensional sets by a constant factor — the absolute value of the determinant of the transformation
(see e.g. | , §5, Satz 2, p. 48]). By definition of the Busemann—-Hausdorff area density we finally
conclude with (2.1.11) that

AP (A7) = A (o) = —— “m

w3 - N sy Al A” (7) (2.1.12)

Thus, we have both shown absolute homogeneity and well-definedness. For if A = 1, that is, if
v1 AU A - Avy, = wy Aws A -+ - Aw,y, are two representations of the same simple m-vector o, then
AP vy Avg A Awg) = AP (wy Awa A+ Aw,y,) by (2.1.12).

For the continuity of the Busemann-Hausdorff area density we sketch a proof here and refer to
[ | or | , Exercise 3.5, p. 11 and pp. 18-19]. We recall from Lemma 1.1.10 that the line
spanned by a simple m-vector o € GC,,(V) is in the image of the Pliicker embedding. Then the
injectivity of the latter mapping (Proposition 1.1.9) shows the existence of a unique m-dimensional
plane P, € Gy, (V) such that p(P,) = [0]~. Then im (L,) = P,, so that

H™(L;Y(B)) =H™(L, (BN P,)).

(e

The isomorphism L, : R™ — P, induces an inner product on P, (see the introduction to Section 1.1.4
for details why this defines an inner product). Thus, we can choose an orthogonal basis of P, and

write ¢ = v1 Avg A -+ - A v, Where
(vi,vj)p. =0 fori#j.

The collection of convex bodies in R™, denoted by Cp(R™), turns into a metric space by means of

the Hausdorff metric dyy = dy rm given by

d A B = i f _b m oy i f _b m
(4, 5) = m (sup inf = s it a0

where ||-||gm is the standard Euclidean norm on R™ (see | , Proposition 2.4.2, p. 61]). A result

from convex geometry states that the m-dimensional Lebesgue measure £™ on R™ is continuous on

the collection of compact convex sets in R™ with respect to the Hausdorfl metric (see | , Satz 12.7,
p. 153] or | , p- 64]). Note that the m-dimensional Hausdorfl measure equals the m-dimensional
Lebesgue measure on R™ (see | , Theorem 2, p. 70]).

Due to Lemma 1.2.16 (i) and (iv), the set L, 1(B N P,) is a symmetric convex body in R™. Thus,
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Ly} (BN Py

/ BNP,
Lo
m BNP .

LZY (BN P)

I~

R™ |4

Figure 2.1: Planes corresponding to simple m-vectors where B is an ellipsoid

it suffices to prove the continuity of the map
0: GCpr (V) = C(R™),0 = vy Ava A= Avg = LN (BN P,)

where we chose an orthogonal basis {vy,va,...,v,} of P, as stated above. Since P, and so (-, '>Pa is

unique, this map is well-defined.

To show the continuity of ¢, let (o;)reny € GC (V) be a sequence converging to o € GCp, (V).
Denote the corresponding m-dimensional planes by P, and P and write o, = Uik) A vék) A Aol
and 0 = v1 Avg A -+ Avy,. Remember that we chose the bases of P, and P to be orthogonal (in Py
and P respectively). Further, we can rotate them within the planes P, and P, so that

_ /B (k) _ Ly
(vi,vj) p = <vi S V; >Pk =0 fori#jandallkeN

k .
and vi()-———wui fori=1,2,...,m.
k—o0

Here the inner products (-,-)p and (-,-)p are induced by the isomorphisms L,: R™ — P and

Ls, : R™ — Py, respectively. We recall that the Pliicker embedding is a topological embedding, that

is, a homeomorphism onto its image (see remark after Proposition 1.1.9). Therefore, if o k—) o
—00

then P, —— P in G, (V).
k— o0
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2.1 The m-dimensional Busemann—Hausdorff area density

We need to estimate

dy (L;}}(B) , L;'(B)) = max sup inf |la—"0blgm, sup inf |la — bl zm
acL;}(B)bEL: " (B) beL; 1 (B)a€Lly, (B)

= (s gt 0t = £ st [t~ 2 )

Hence, let x € BN P, und y € BN P. Further, let Il : V' — Py be the projection onto P;. Then

1L e = L3 Yo < 1Lote = Lo Ty | g + (|25, Ty — L5y
= |5 (@ = )| g + | (Lo e = L) 9

< 2o il vy 12 = 9l + (1 (Lo T = L) 9o

and similarly,

1Zeie = Lo yllgm < 125 M| gy 12 =yl + (| (Lo = LoTD) ]l
where Il : V' — P is the projection onto P. Thus, we can estimate

ant 152 = 1 < int (15 e — ol + (25 = 257 )
<300 L2 g =l + s (LT = L2 D)

~ yeBN

<||L;}

k]| £y oy dist (2, BOVP) + (| Lo T —

L;IHH[:(V,R’“)
(2.1.13)

and similarly,
Lot Lo = Loyl g < (125 | oy oy dist (y, B O P) + | Lo Tl = LGy (2.1.14)
Therefore, (2.1.13) and (2.1.14) together yield

durn (L, (B) , L;'(B))
< max (220 | gy |25 T sy ) de (BO P, BAP) (2.1.15)

+ ||L;k-1ﬂk - L;1HHL(V,R’")'
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M v;, we know that

Since we chose the bases {vik) ™, C Py and {v;}!"; C P so that vz( -
hde el

m
Loy, = Lollpgamyy = sup |3 a' (Lo, — Lo) e
2271:1(‘11)2:1 i=1 v
- )
< su atlllo™ — v, — 0,
- 311(‘11’?)2:1¢z=;| | ¢ ! V k—oo

that is, L, P L, in L(R™,V). Note that the linear map LI, : V — R™ is the Moore-
Penrose pseudoinverse (or generalised inverse) of the linear map L,, : R™ — P, C V. All of the
mappings L, are of rank m. Under these conditions, the map sending a matrix to its Moore-Penrose
inverse is continuous (see | , Theorem 4.2, p. 166] and | ). Therefore, we have that
L;;Hk m LI in £(V,R™). Thus, the second summand in (2.1.15) vanishes for k — co and
consequently, the factor max (HL;lekHL(V,]RM)’ HL;1HHL(V7R,”)) is bounded above. It remains to
show that

d’H)V(BﬁP]C7BﬂP>—>O.

k— o0

This is true because P, k—) P in G,,(V) as stated earlier (see Figure 2.1). So, ¢ and therewith,
— 00

AP is continuous. O
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2.2 Convexity of the two-dimensional Busemann—Hausdorff area density

Definition 2.2.1
A density A: GC,,, (V) — Ry is called convex if it can be extended to an absolutely homogeneous,

continuous and convex function on the entire vector space A" V.

Busemann proved in | | that the Busemann—Hausdorff area density is convex in codimension
one, that is, dim (V) = m + 1, and the general case was left as a conjecture (see | , Problem
7.1.1, p. 310]). In their work | ] Burago and Ivanov proved the conjecture for the two-dimensional

Busemann—Hausdorff area density. The next theorem is the main result of the present chapter. The

rest of this section will be devoted to extensively discuss Burago and Ivanov’s proof.

Theorem 2.2.2 (Convexity of the two-dimensional area density [ , Theorem 1, p. 630])
In every finite-dimensional normed space V', the two-dimensional Busemann—Hausdorff area density

defined by (2.1.8) is convex on \* V.

In what follows, we will present the geometric argument Burago and Ivanov used to prove their
statement. Using the language of convex geometry the statement will be reformulated into an inequality
for polytopes on the two-dimensional plane. In order to do so, let us first introduce the concept of a

calibrator for an m-dimensional density.

Definition 2.2.3 (] , Definition 2.1, p. 631])

Let V be a finite-dimensional vector space, A: GC,,(V) — Ry an m-dimensional density and P C V
an m-dimensional subspace. A calibrator or calibrating form for P with respect to A is an
exterior m-form w € A" (V*) = (A™(V))* such that for every simple m-vector o € GC,, (V') one has
lw(o)| < A(o) and this inequality turns into equality if o € GC,, (V) N A" (P).

Notice that A" (P) is one-dimensional and therefore every m-vector in A" (P) is simple. So that
intersection GC,, (V) N \™ (P) really is just A" (P) itself. The preceding notion of a calibrator is a

powerful concept because the following central result holds.

Lemma 2.2.4

An m-dimensional density A: GC,,, (V) — Ry is convex on N (V) if and only if every m-dimensional
plane P € G,,(V) admits a calibrator wp € (N (V)" with respect to A.

PROOF: Suppose the m-dimensional density A admits an absolutely homogeneous, continuous and
convex extension A: A" (V) — R;. The following is due to | , p- 7. The absolute homogeneity

and convexity of the extension imply that A is a sublinear functional because for o, 7 € A" (V) we
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Chapter 2 The Busemann—Hausdorff definition of area in Finsler geometry

have

1

Ao +7) = A (2 A(20) + %A(%)

DN | =

(20) + ;(27')> <

= A(o) + A(T).

Let P € G, (V) be arbitrary and spanned be a basis {v1,va, ..., vy, }. Recall that the top exterior
power \"(P) is () = 1-dimensional. Note that any element of the top exterior power A" (P) is of
the form Avy Avg A -+ A vy, that is, any element is a simple m-vector or A" (P) = GC,,, (V)N A" (P).
Let us define wpp: A™(P) — R on this subspace by setting

wpo(Avr Avg A= Avp) = AA(v1 Ava A= Aup,).
This is a linear form on A" (P) and for v € A" (P) we have

lwpo(V)] = lwpo(Av1 Ava A A vy,
= |[MA(vy Avg A+ Avg)|
= [MA(v Avg A+ A vyy)
=AML Ava A Avy)

= A(v) = A(v)

where we used the fact that the density A is non-negative and absolutely homogeneous. Therefore,

wp,o is bounded above by A on the subspace A" (P).

Then the Hahn-Banach theorem (| , Theorem 1.3.2, p. 33|) applied to wpo and A, asserts the

existence of a linear form wp: A" (V) — R such that

wp(o) =wpp(o) forallo e /\m(P)

and wp(o) < A(o) for all o € /\m(V).

In particular, this implies

wp(0)| = A(o) foralloe A" (P)=GCn(V)N N\ (P)

and |wp(o)| < A(o) for all o € GC,, (V).

So this m-form is a calibrator for P with respect to A.

Conversely, suppose every m-dimensional plane P admits a calibrator wp € (/\m(V))* with respect
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2.2 Convexity of the two-dimensional Busemann-Hausdorff area density

to A. Then the mapping |wp| is convex because wp is linear. In addition, for every P € G,, (V) the

density A is an upper bound to |wp| on the domain GC,, (V') of A, that is, it holds that

lwp(o)] < A(o) for all o € GCp (V)
(2.2.16)

and  |wp(o)| = A(0) for all o € GC(V) N\ (P).

Construct the set of absolutely homogeneous, proper convex functions bounded above by A on

GC(V),
£ = {l: /\m(v) — R, ‘ l’GC W) < A, is absolutely homogeneous and proper COIIVGX} .

Note that by the preceding argumentation |wp| € & for every P € G,,(V), thus £ is non-empty. Then

let us define the extension of A as its convex envelope, that is, set

A(c) := conv (A)(o) :=sup (o)
leg

for arbitrary o € A" (V). The function A: A" (V) — R is convex because each [ € £ is and

Altoc+ (1 —t)v) = 71615 lto+(1—-t)) < ilel? tl(o) + (1 —t)i(v)

<tsup l(o) + (1 —¢t)sup I(v)
leg leg

=tA(o) + (1 — t)A(v).
Further, A is absolutely homogeneous since for o € A" (V), A € R

A(Xo) =sup I(Ao) =sup |A|i(o) = |NA(0).
le€ leg

For an arbitrary simple m-vector o € GC,,(V) there is a corresponding m-dimensional plane
Q € G, (V) such that o € A" (Q), namely, if 0 = vy Avg A -+ A vy, then @ := span {v1,va,..., 0}

(Recall the Pliicker embedding — in particular, Lemma 1.1.10.)

Thus, for the calibrator wg of the plane @ the inequality

A(0) = |wg(a)] < sup (o) = A(o)
leg
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holds. On the other hand, because each [ € £ is bounded above by A on GC,,(V'), we have

Alo) = ?gg l(o) < ?gg) A(o) = A(o).

by definition of £. So, A| ao = A and A is an absolutely homogeneous and convex extension of A.

m (V)
It remains to show the continuity of A. Since each [ € £ is proper the pointwise supremum over this set
nowhere takes the value —oo. On the set GC,, (V') the function A is bounded above by A which in turn
only takes finite values. Now let {e1,e2,...,€e,} be a basis for V. Let 0 =3, .y ale;, Aej, Ao+ Aey,,
be an arbitrary m-vector in A™ (V). As usual, Z denotes the set of strictly increasing multi-indices of

length m. Since A is convex and absolutely homogeneous, it is also sublinear by the same argument

as in the first part of the proof. Thus, it follows that

Alo) < Z ’aé‘ Aleiy, Neigg Ao+ Nej, )

IeT
= Z lal| Ales, New A Nej,) < éz ‘a{,‘ .
IeT Iez

where C' := max;ez A(e;, Aei, A+~ Ae;. ) < co. Note that the Hélder-inequality for p-norms implies

that

St = w1 (SeF) - (21) =0(2) e

1eT Iel IeT Iel

Therein, we used the equivalence of norms on the finite-dimensional vector space A" (V), since

1
(ZIGI |a§|2) * is the Buclidean norm (see Corollary 1.1.12). Hence, we get for C' := C'D that

n\ 2
< m . . .
Aoy < () ol (22.17)

Let € > 0 be arbitrary and consider an m-vector 7 € A" (V) with ||o — 7|l pm vy < €. Then using the

sublinearity of A again yields
A(r)=A((c —1)+0) <A(lc — 1)+ A(o)
n\ 2

n ~
< C’(m) (E + HUH/\m(V)> =:C(n,m,e;0) < o0

W=
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2.2 Convexity of the two-dimensional Busemann-Hausdorff area density

where we used (2.2.17) twice. Therefore, on a ball of radius € > 0 centered at o the convex function
A is bounded above by a finite constant C (n,m,e;0). Then a result from convex analysis (| ,
Proposition 2.2.6, p. 34]) states that A is Lipschitz-continuous on this neighbourhood of o. Since
o € N"(V) was arbitrary we find that, in particular, A is continuous on A" (V). O

In what follows, we justify that we can make the subsequent simplifying assumption.

Assumption 2.2.5
The unit ball B of (V. ||-|l\,) is a symmetric polytope.

Denote the closed unit ball of the n-dimensional normed space (V, ||-||\,) by B. Then the triangle
inequality and absolute homogeneity of the norm imply that the unit ball B is convex and symmetric.
It has non-empty interior because 0 € B and |0, = 0 < 1. Since V is finite-dimensional B is a
compact set (see | , Theorem 1.2.6, p. 30]). Therefore, B is a symmetric, convex, compact set

with non-empty interior or in the terminology of Section 1.2.4 the unit ball B is a symmetric convex

body.

As stated earlier, the collection of convex bodies in V, denoted by Cj, = C,(V) and the Hausdorff

metric dy = dy,v given by

dy(A,B) = inf ||a — b inf |ja — b
(A B) = (sup inf la bl sup in o~ ]

turns into a metric space. A result from convex geometry (see | , Theorem 2.5.1, p. 64]) states
that the set of polytopes is dense in this metric space. In particular, this means that for a convex body
C € Cp and any ¢ > 0 there is a polytope P contained in C such that dy(P,C) < e. An analysis of
the proof of this density statement gives the following variation which shows that symmetric convex

bodies can be approximated by symmetric polytopes.

Lemma 2.2.6
If C is a symmetric convex body then for any € > 0 there is a symmetric polytope P such that

dH(P, C) < €.

PRrROOF: The compactness of C implies that for any € > 0 there is a finite set of points F’ :=
{z1,22,...,2n} C C such that C' C Uf\il B.(z;) = F' +¢B. Define F := F'U(—F"). (In the original
proof Thompson only chooses F' := F".) Since C is symmetric, the extended set F is contained in C'

as well. Of course, C' C F' + eB. Define the centrally symmetric polytope P := conv (F). Since C' is
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Chapter 2 The Busemann—Hausdorff definition of area in Finsler geometry

convex and taking the convex hull preserves inclusions, the sequence of set inclusions
PCconv(C)=CCF+eBCP+¢eB

holds. Hence, sup,,cpinfeec [[p — ¢|| = 0 by the first inclusion and sup.c¢ infyep ||p — || <€ by the

last. Therefore, P is a centrally symmetric polytope such that dy (P, C) < e. O

If we apply the previous result to the convex body B for ¢; := %, we may choose a sequence of
symmetric polytopes (B;)ien C Cy such that B, m B in (Cy,dy). These polytopes are themselves
convex sets by definition of a polytope. Without loss of generality, we assume that each B; is a convex
set of full dimension n (as defined in Section 1.2.1). Then each line through 0 meets B; in a non-trivial
(because 0 is an interior point of By), closed and bounded segment (since B; is closed and bounded
being a polytope, see Lemma 1.2.3). Then the Minkowski functional of each polytope B; defined
by

|zl|g, :=inf {t Ry [z €tB },x eV

is a norm on V (see | , Theorem 1.1.8, p. 17]). In addition, B; is the closed |-|| 5 -unit ball. To
see the latter, let z € V and |[z[|5, < 1. Then by definition of the Minkowski functional = € tB; C B

where ¢ < 1 is the infimum in the definition. Conversely, if z € B then ||lz]/5 < 1.

Now we define the sequence of densities (Albh) where each A;’h is the Busemann—Hausdorff

leN
area density on the normed space (V7 ”'HBz) as defined by (2.1.8). Recall that the linear map
L=L,:R™ =V Le, =v, for a =1,2,...,m from the definition of the Busemann—Hausdorff area
density is an injective linear map (or bijective onto its image). The intersection B; Nim (L) is a
symmetric polytope of dimension m because im (L) = span {vy, v, ..., vy, } is an m-dimensional plane.
Due to Lemma 1.2.16 (ii) we therefore know that the preimage L~=1(B;) = L=(B;Nim (L)) is a convex
body. Notice that if B, - B in (Cy(V),dw,v) then L™1(By) - L7Y(B) in (Cy(R™), d3 gm)

because

dag mm (L~1(By),L™1(B))

= max su inf T — su inf T — X
<x1eL—Il)(Bl)wz€L—1(B) 2 2||RM7zzeL—I?(B)JClEL_l(BL) 1 QHRm)

g SUD inf HL_l(yl_yQ)HRm)

= max ( sup inf HL‘l(y1 - 92)| cBuEB
Y2

y1€B; Y268

< ||Z71 .. inf - inf -
,H ||£(1m(L),]R’")maX (yfg%lygéB 1 y2||v7yi1ép3y11r€leHy1 y2||V>
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2.2 Convexity of the two-dimensional Busemann-Hausdorff area density

=||L~ dy v (B, B) — 0.

1
H[,(im(L),Rm) oo

As mentioned earlier, the Lebesgue measure £™ = H" is continuous on the collection of compact
convex sets in R™ with respect to the Hausdorff metric (see [ , Satz 12.7, p. 153] or | ,

p. 64]). Thus, for any o € GC,, (V') we obtain

Em Em
H™ (L' (By)) 1o H™(Lg ' (B))

Al (o) = = A (o) (2.2.18)

as [ tends to infinity.

Let us assume that the convexity of the densities A;’h has already been proved. With (2.2.18) at
hand we will conclude the convexity of the original Busemann-Hausdorff area density A** by using
Lemma 2.2.4. Let P € G,,,(V) be a fixed plane in V and o € GC,,,(V) an arbitrary simple m-vector.
Then the convexity of each A" yields a sequence of calibrating m-forms (w;),cy C (A™(V))" for P

such that
lwi ()] < A (o) (2.2.19)

with equality if o € GC,, (V) N A™(P). The convergence of the sequence (A}" (0))l€N with limit
A!(5) has been established in (2.2.18). Hence, we find a number N € N such that

jwi(o)] < A" (0) < A" (o) +1

for all I > N. Therefore, the sequence (w;(c)),cy is bounded in R and by sequential compactness
there is a convergent subsequence (wy, (7)), cy- Passing to subsequences and renaming them, we find
that for fixed o € A™V both (Af’h(a))leN and (w;(0)),cy converge and fulfil (2.2.19). Denote the
limit of the latter sequence by w(o) := lim;_, o wi(0). The assignment o — w(o) is an m-form because
it is the pointwise limit of such forms. Indeed, it is the sought-after calibrating form for A*® because

it holds that

lw(o)| = lim |w;(0)| = limsup |w; (o)
l—o0 =00

< limsup A" () = lim A(0) = A" (o)

l—o00 oo

with equality if ¢ € GC,,,(V) N A™(P). This shows the convexity of the density A®" corresponding to
the initial normed space (V,||-||;,) under the assumption that the densities A" corresponding to the

polyhedral unit balls B; are convex already.
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Chapter 2 The Busemann—Hausdorff definition of area in Finsler geometry

Henceforth, Assumption 2.2.5 shall hold. We leave the general argumentation behind and focus
on the case m = 2. As Lemma 2.2.4 suggests, the convexity of the corresponding two-dimensional
Busemann—Hausdorff area density will be proved by explicitly constructing appropriate calibrators for
A" and m = 2. We will reformulate the inequality Lemma 2.2.4 for a calibrator and prove a result of

convex geometry on the two-dimensional plane.

Let us fix a two-dimensional linear subspace P € G2(V) with basis {w;,ws} and consider its
intersection BN P with the unit ball. Since B is a symmetric polytope this intersection is a symmetric
polygon (a two-dimensional polytope) with vertices aq, as,...,dan € V. Recall from Theorem 1.2.7
that there is a half-space representation so that BN P is the intersection of finitely many half-spaces. Let
F' € V* be the linear form that supports BN P on the segment [a;, G;11] = { ta;, +(1—t)a; | t € [0,1] }.

This means after appropriate scaling that F* <1and F'| = 1 (for this, we need that

|BmP [@,0i11]

0 € int (BN P), see (1.2.15)). Further, let Lp: R? — V be the linear map that takes the standard
basis {e1, ez} of R? to {wy,ws}, that is, Lpe; = w;. Endowed with the standard Euclidean inner
product R? is an inner product space and the standard basis is orthonormal with respect to this inner
product. Henceforth, whenever we use the words volume form and orientation we implicitly mean

the standard volume form w, = e} A e} corresponding to the standard basis and its induced standard

orientation as introduced in Section 1.1.4.

Consider the preimage Kp := L;l(B N P) of the unit ball B in R2. This set corresponds to the
intersection BN P. Then Kp is a convex body due to Lemma 1.2.16 (4¢). Furthermore, Kp is the
intersection of the half-spaces {z € R? | f5(z) < 1} where f& := FioLp € (R?)" and therefore a
polytope in R? (Lemma 1.2.16 (ii7)). In addition, according to Lemma 1.2.16 (iv) Kp is symmetric
because B is. Thus, Kp = [ajas . ..asn] C R? is a symmetric polygon with vertices a; = a;(P) € R2.
Suppose that the vertices are enumerated counterclockwise so that the 2-vectors a; A a; are positively

oriented with respect to the standard volume form w. =ej Aej for 1 <i < j < N.

Define a 2-form w € A*(V*) by

w=w(P):=m Z pip; FPAFY. (2.2.20)
1<i<j<N
and set the coefficients as the area ratio of the triangle AOa;a;+1 = AOa;(P)ai+1(P) := [0a;a;41] and
the entire polygon Kp, namely

7_[2 (AOaiaiH)

€10,1]
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2.2 Convexity of the two-dimensional Busemann-Hausdorff area density

fori=1,2,...,N. Note that by the symmetry of Kp

2N N
HQ(KP) = Z’HQ(AOG,iaH_l) =2 ZHQ(AOCLiG,i+1)

i=1 i=1

and thus Efil p; = L.

We are going to prove that w is a calibrator for P, that is, for all v; A va € GC5(V') we need to
show that

lw(vy Awg)| < A (v A ) (2.2.21)

with equality if v; A vy € GCo(V) N A*(P).

Counsider a simple 2-vector 0 = v; A vy € GCo(V) where vi,vo € V are linearly independent.
Denote the two-dimensional plane spanned by these two vectors by @ := span{v1,v2}. As o runs
through GC5(V') the corresponding plane runs through Go(V) (once again, this uses the injectivity
of the Pliicker embedding). The top exterior power A*(P) of the two-dimensional subspace P is
one-dimensional and therefore spanned by w; A wy. Thus, v A vy € GCo(V) N A*(P) if and only if
v1 A vg = cwy A ws. Recall from Section 1.1.3 on the Pliicker embedding p: GCo(V) — P (/\2(V))

that the latter means

p(Q) = p(span{vi, v2}) = [v1 Ava]n = w1 Awa] = p(span{wi,wa}) = p(P).
Since the Pliicker embedding is injective by Proposition 1.1.9 we have the equivalence v; A vo €
GCy(V) N A*(P) if and only if Q = P.
Corresponding to the plane @ let Lo: R? — V be the linear map such that the standard basis

{e1,e2} of R? maps to {v1,va}, that is, Lge; = v;. The left-hand side of (2.2.21) then reads

wvr Awvg)| = |w(Lg(er) A Lg(ez))]

=7 Z pip; (F' AF7) (Lg(e1) A Lg(ez))
1<i<j<N

=m| Y i ((FoLo) A(FoLq))(e1Aen)|.
1<i<j<N

Define fé =FloLg € (Rz)*. Any unit 2-vector o in the top exterior power /\2 (R?) is simple and

either has a representation o = e; Aeg or 0 = —ey Aes (see Corollary 1.1.12). Because of the absolute
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Chapter 2 The Busemann—Hausdorff definition of area in Finsler geometry

value and the linearity of f¢ A fg? eN ((Rz)*> = (/\2 (RQ)) we can rewrite the last sum as
i Av)l =msupd | S0 gy (Fo A Fh) (@)] | o € {er Aesses nen)

1<i<j<N

= 7 sup Z DiD;j (fé A féy) @) | llollp2ey =1

1<i<j<N

=x| > pis foNF
1<i<j<N (A2&2)"
In the same way as earlier we can show that Kg := Lél(B N P) is a symmetric polygon in R?. By

definition of the two-dimensional Busemann—-Hausdorff area density in (2.1.8) the right-hand side of

(2.2.21) reads

€9 s

bh = =
AP (01 Awg) = HA(LGH(BNP)  HA(Kg)

Thus, to prove that w(P) is a calibrator for the fixed plane P, we need to show for each plane

Qe GQ(V) that

> pi(P)pi(P) fo A £ < K (2.2.22)

1<i<j<n (/\Z(Rz))*

with equality if the plane () coincides with the fixed plane P. Therein all dependencies on P and @
have been explicitly stated and the coefficients are given by

7—[2(A0ai(P)ai+1(P)).

pi(P) =2 H2(Kp)

Note that the preceding discussion can similarly be made for arbitrary m. In fact, Burago and
Ivanov give a characterisation for the convexity of the higher-dimensional Busemann—-Hausdorff area
density which is an m-dimensional analogue of (2.2.22) with coefficients p;,4,...;,, on the left-hand side.
The crux in the two-dimensional case is that one can choose p;; = p;p; so that the subsequent results
hold. Burago and Ivanov mention that the most straight-forward generalisation of the two-dimensional
construction (subdividing K p into tetrahedrons instead of triangles) does not work, | , Remark 4.2,

p. 637].

To show (2.2.22) we prove the following more general statement from convex geometry on the plane.
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2.2 Convexity of the two-dimensional Busemann-Hausdorff area density

Theorem 2.2.7 (| , Proposition 2.2, p. 632])
Let K C R? be a symmetric convex polygon and suppose f1, f2,..., fN € (]RQ)* are linear forms such

that [, <1 foralli=1,2,...,N and p1,ps,...,py € [0,1] such that S;, p; = 1. Then

> v fAS < D ol AP e <
1<i<j<N (AZ(RQ))* 1<i<j<N
In addition, if K is a convex 2N -gon with vertices ai,as, ...,asn € R? and fori=1,2,...,N the

functions f* are supporting linear forms of K corresponding to its sides (such that fi|[ | = 1) and

Qi Q41

pi = 2H?(AOa;a;41)/H?(K) where AOa;a;i 1 := [0a;a;11] denotes the triangle with vertices 0, a;, a;i1,

then the above inequalities turn into equalities.

The convexity of the two-dimensional Busemann—Hausdorff area density — Theorem 2.2.2 — is an

immediate consequence of the previous result.

PROOF OF THEOREM 2.2.2: Let P € G3(V) be arbitrary but fixed. Due to the preceding discussion
we need only show the inequality (2.2.22) for Q € G2(V) where equality holds if @ = P. As previously
shown K¢ is a symmetric 2N-gon with vertices a; = a;(Q) and fé are supporting linear forms
corresponding to its sides. Further, Ziil pi(P) = 1. Theorem 2.2.7 for K = K¢ yields the desired

inequality. If, in addition, @ = P note that the coefficient

HQ(AOai(P)ai+1(P)) _ 2H2(A0aiai+1)

PO TR0y Y (K

=pi(Q)

which is the equality case in Theorem 2.2.7. Thus, w = w(P) as defined in (2.2.20) is a indeed a
calibrator for P. Since P € G5(V) was arbitrary, Lemma 2.2.4 finally shows that the two-dimensional

Busemann-Hausdorff area density A" admits a convex extension. O

In the rest of this chapter we will prove Theorem 2.2.7 through several elementary lemmata. The

next result provides us with a technical identity for the area of a polygon.

Lemma 2.2.8 (] , Lemma 2.3, p. 632])

Let K = [ajas ... aan] be a symmetric 2N -gon in R2. Fori=1,2,...,N define v; := a;y1—a;. Then

HQ(K) = Z ||Ui/\ij/\2(R2) = Z Ui/\’Uj
1<i<j<N 1<i<j<N /\Z(RQ)

PROOF: Note that the vertices of K are positively oriented. Then the convexity of the polygon K
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implies that the vectors v; — which correspond to the edges of K — are also positively oriented, that is,
we(v; Avj) >0 forany 1 <i<j<N.

Since K is symmetric we observe that H?(K) = 2H?([a1as . .. an]). Let us denote by Aajaja;ii :=
[a1aja;y1] the triangle with vertices a1, a;, aj+1. Note that the intersection of any two of such triangles
is a set of two-dimensional Lebesgue measure zero. The polygon [ajas...ay] is the union of all

triangles Aajajaj+1 where j =2,3,..., N. Then by the countable additivity of Hausdorff measure

N
HY(K) = 2H*([araz...an]) =2 H*(Aaraja;41). (2.2.23)
j=2

Observe further that the area of the triangle Aajaja;j4+1 can be expressed via the norm of the wedge

product of its edges due to Proposition 1.1.15. Then

1 1
H(Aarajajn) = S l(a; = a1) Aajen = a5) | 2oy = 5ll(a; = @) Avjll ge o)

. i—1 i—1
By telescoping a; — a1 = Y /-, @iq1 —a; = »_i_; v; and

j—1
E v; A V;
=1

1 1
HA(Aaraja41) = 5 l(a; = a) A vl peey = 5
A?(R?)

We apply Corollary 1.1.20 to the preceding identity and substitute the result into (2.2.23) which
finally yields

N N j—1
1
HQ(K) =2 ZH2(ACL1€LJ'CLJ'+1) = 22 5 Zl}i AN Uj
Jj=2 j=2 i=1 A2(R2)
N j—1
=D i Avllpaes)
j=2i=1
= o Al 0
1<i<j<N
The following lemma takes care of the equality case in Theorem 2.2.7.
Lemma 2.2.9 (| , Lemma 2.4, p. 633])
Let K = [ajas ... asn] be a symmetric 2N-gon in R?. Fori=1,2,..., N define v; := a;+1 — a; and

pi = 2H*(AOa;a;t1)/H*(K) and let fi € (R2)* be such that f*|, <1 and fi|[ =1L Then

Qi Qi1

; ) 1
PiDj ||f /\f]H(/\2 (Rz))* = anl /\U]H/\2 (R2)
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foralli,j =1,2,..., N and therefore

. X . . 1
Yo v fIAS = . ;|1 A Pl ne ey = 70y

1<i<j<N (A2(E2))" 1<i<j<N

PRrROOF: Define S; := 2H?(A0Oa;a;y1) > 0. Then by Corollary 1.1.20 the area of the parallelogram
spanned by a; and a;4+1 can be expressed via S; = |la; A ai+1||/\2(R2). Of course, p; = S;/H?*(K).
We recall from Section 1.1.4 that the standard area form w = w, induces a Riesz-type isomorphism
to: R?2 — (Rz)* given by (1.1.8). We will now show that ¢, (v;) = S; f*. Note that there is no implied
summation on ¢ in this formula. This is an equation in the dual space (RQ)*, so we need to show
tw(vi)(u) = w(u Av;) = S;fi(u) for all u € R?. Moreover, it suffices to prove this for a basis of R?
because both sides of the equation are linear functions. Observe that since K is convex, a; and
v; = a;41 — a; are linearly independent vectors and hence form a basis of R2. Indeed, (again there is

no implied summation over i here)
Sift(vi) = Sif(ai1 —a;) = Si(f*(ai+1) — f(ai)) = Si(1 = 1) = 0 = w(0) = w(v; Av;)

because f* is linear and f* = 1. Further, by (1.1.7) calculate

l[ai,ait1]
Slfl(al) = Sl = HGJZ A\ (17;+1||/\2(R2) = w(ai N ai+1) = (JJ(G,Z' A\ (G,Z'+1 — az)) = w(ai N ’Ui)

where the third equality uses that the 2-vectors a; A a;41 are positively oriented. The isometric

property of ¢, that was established in Proposition 1.1.18 yields

pii | £ AP Nl p2 ey = m%ll())zsiSJHfi APl p2 ey
= (,Hz(lK))QH(Sifi) NS (p2 oy
- W}))Qnawm At (03)l| 2 sy
- mnw A vill ps e

The second identity follows from Lemma 2.2.8 because

; ) 1
Z pz’ijf A fj||(/\2(R2))* = W Z ”vl A vi”/\z(RQ)

1<i<j<N 1<i<j<N

- s H(K)
(H*(K))
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HA(K)

Recall the Riesz-type isomorphism ¢, induces a dual volume form w* given by (1.1.11). The edges v; of
the polygon K are consistently (positively) oriented with respect to w and therefore the corresponding

supporting linear forms f* are consistently (positively) oriented with respect to w* because

W (fIAF) =

w () S A ) (S3)) = g (w3 Avy) >0

SiSj SiSj

for 1 <i < j < N, wherein S; > 0. Finally, by Corollary 1.1.20

. . ) ) 1
S b fAS = 2wl AP ey = 20wy H

1<i<j<N (A2(&2)" 1<i<j<N

It remains to show the inequality part of Theorem 2.2.7. The next lemma takes care of the principal

case where the linear forms f? support the polygon K at its edges.

Lemma 2.2.10 (| , Lemma 2.5, p. 633])

Let K = [ajaz...aan] be a symmetric 2N-gon in R?. Fori = 1,2,...,N let f' € (Rz)* be such
that f*|, <1 and f?|
Zﬁil p; =1. Then

aaisa] = 1. Let p1,pa,...,pNn € [0,1] be nonnegative real numbers such that

S o 1
Yo opw [AF = 2 il APl o) < 2E0

1<i<j<N (A2@2)" 1<i<j<N

PrOOF: The first identity follows because all the 2-forms f? A f7 are of the same orientation for i < j
by the same argumentation as used in the proof of Lemma 2.2.9. Again for i = 1,2,..., N define the
vectors v; := a;41 — a; corresponding to the edges of K. Further, let ¢; := 2H?(AOa;a;11)/H?*(K)
and \; :=p;/q; for i =1,2,... N. Due to the first assertion of Lemma 2.2.9

i . 1
q:q; Hf A fJH(/\z (R2))" = WHW /\Uj||/\2 (R2)"

Define the vectors v} := \;v;. By Lemma 1.2.15 there is a symmetric 2N-gon K’ = [afaj . .. ab ] such

that aj ; —aj =] fori=1,2,...,N. Then

Z piijfi/\fjH(/\%W))*: Z Ai)‘qu'qJ'Hfi/\fjH(/\2(R2))*

1<i<j<N 1<i<j<N
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2.2 Convexity of the two-dimensional Busemann-Hausdorff area density

= 5 )\1)\”’1}1/\’(}” 2 2
(H2(K)) 1§;§N ’ TN

1
TR

Applying Lemma 2.2.8 to K’ and substituting the result into the last equation yields

. . HZ K/
D i [ APl pr ey = (H2((K);2 (2.2.24)

1<i<j<N

Note that the 1-dimensional Lebesgue measure of the edges satisfy
LY ([ais aiia]) = illge = Aillvillae = XL ([as, aiva])

by construction of K’. Consider the support function hyx of the convex set K. By virtue of

Proposition 1.2.6 the value h; = hg ( ) is the distance of 0 € K to the edge [a;, a;t1]

1770 w2y
corresponding to f¢. Then the two-dimensional Hausdorff measure of the triangle AOa;a;,1 is given
by

1
Hz(AOQiaHl) = ihzﬁl ([ai, ai+1]) .

Now we can calculate

N N 9 N
1= ;= iq = H?(AOa;a;
;p ;Aq HQ(K);A’H( 0a;ai41)
2 1
_ 1
— HQ(K)ig)\ihiﬁ ([as, ait1]) (2.2.25)

1 1 2N
= 730wy 3 2 L (el alya)
i=1

where we used the symmetry of K to extend the sum in the last equality. The explicit formula for

mixed volume in Lemma 1.2.14 (use A = K" and K = K) shows that
MEL
5 Z hlﬁl ([CLQ, ag—&-l]) =V (Klv K)
i=1
The preceding identity (2.2.25) thus transforms to

H*(K) =V (K',K).
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Now we use the Minkowski inequality for convex bodies (Proposition 1.2.12) to see that
2 2
(#2(m)) = (VK K)) = MK HA(K)
or, equivalently, H?(K) > H2(K’). Using this estimate on (2.2.24) proves the assertion of the lemma.[]

Finally, we can complete the proof of Theorem 2.2.7 which in turn implies the convexity of the
two-dimensional Busemann—Hausdorff area density as already shown. Thus, what follows concludes

this chapter.

PROOF OF THEOREM 2.2.7: By means of Lemma 2.2.9 and Lemma 2.2.10 it remains to show the
inequality for the case where K is a symmetric polygon (not necessarily with 2V vertices) and the

linear forms f1, f2,..., fN € (R?)" are such that fi| < 1. The triangle inequality for ||-||(/\2(R2))*

yields
S i fAF < > ppilfia Pllepz ey
1<i<j<N (N 1SN

Thus, we need to show that

A p _ L
1§1<Zj§szpJHf NS H(/\Z(R2))* < 1K) (2.2.26)
Consider the left hand side of (2.2.26) as a function in just one variable f* with the remaining f* for
1 # k staying fixed and let us call this function G. Then Gy is a convex function because it is the
sum of the norms of 2-forms. Recall the definition of the polar set K° from (1.2.16). Then f* € K°.
Furthermore, the polar set of a polygon is itself a polygon by Proposition 1.2.9. This means that Gy,
is a convex function mapping the polar polygon K° to R. In addition, G}, is bounded above because

K?° is bounded as a polytope and for each of the summands

<fi7fi>(]R2)* <fz’;fj>(]R2)*

||fi/\fj||2 2oy = det
(A*(®)) (fis Fid ey (s Fi) (moy-

= ||fiH?R2)* fjH?W)* - 2<fi7fj>(R2)*
2 2
< fillmey= 1151 ey + 20 fill oy 151l m2)-

2
= (illgey- + 1fill o)) < (2R

where R > 0 such that K° is contained in the ball Br(0) C (R?)* of radius R. Proposition 1.2.18
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2.2 Convexity of the two-dimensional Busemann-Hausdorff area density

shows that G attains its maximum on a vertex of K°. But by Lemma 1.2.10 the vertices of K° are
the linear forms that support K at its edges. Thus, it suffices to show (2.2.26) for the case where the
f% are (possibly duplicate) linear forms supporting K at its edges. Now if any two of the functions f*
and f7 coincide (without loss of generality f; = fx) the problem can be reduced to a smaller number

of functions by proceeding as follows. Calculate on the left hand side of (2.2.26)

N-1 N
Z pii || f A £ (A2@®2)" Z Z piijfi/\fjH(/\?(Rz))*

1<i<j<N i—1

N—-1 N
=Y ol APl oy + D D Pl AP gz

j=2 i=2 j=i+1

=2

By expanding the second sum and using f' A f¥ = 0 on the first sum this reduces to

N—-1
J=2

1<i<j<N

N-1
+Z Z plp]Hf A H +psz||f /\f ||(/\2(]R2))*
1=2 j=i1+1
N—-1 )
plp]Hfl/\fJH (RQ) + ZpleHfZ fNH R2)
=2
N—-2 N-1 ) .
+ Z Z pipj||fl/\fj||(/\2(n@2))*

i=2 j=i+1

<.

Again we can use that f! = fV and thus,
IFE Al pzeyy = I=F AP o pegaayys = 15 AP D e

Renaming the indices in the first two sums then yields

o Nl N—-2 N—1
Z p’ijHfl/\f]H (Rz pl +pN pj”f /\f || /\Z(RQ +Z Z pszHf /\f H /\2(R2)
1<i<j<N j=2 =2 j=i+1
-2 N-1 ‘ ‘
=X X il Pl oy
i=1 j=i+1

where p] := p1 + py and p} := p; for i > 1. That is, the problem can be reduced to a smaller
number of functions by dropping fy from the list of functions and replacing the set of coefficients by

p1+ PN, D2, - .., PN—1. Additionally, note that changing the sign of one of the functions f* does not
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Chapter 2 The Busemann—Hausdorff definition of area in Finsler geometry

change the left hand side of (2.2.26). Therefore, it further suffices to assume that all the functions
+f1,tfa,...,fn are distinct.
If N =1 then the left hand side of (2.2.26) equals zero and the inequality holds trivially. Therefore,

suppose N > 1 and consider the polyhedral set given by the half-space representation

N

K =z eR?| |f(x)| <1}

i=1

Since K is symmetric and f?| . <1 by hypothesis, we know that fi(z) <1 and —fi(z) = fi(-2) <1

|k
fort=1,2,...,N and any z € K. Therefore, |fl(x)’ <lfori=1,2,...,N and any = € K. In other

words, K C K'. Therefore,
H?(K) < H*(K'). (2.2.27)

Observe that K’ is a symmetric polyhedral set and that +f;,+fs,...,+fn are those linear forms
which give the half-space representation. By our assumption they correspond to N distinct pairs of
opposing supporting hyperplanes. Since N > 2 there are at least two distinct pairs of such opposing
supporting hyperplanes. Every polyhedral set in the two-dimensional space R? that is supported by
at least two distinct pairs of opposing hyperplanes is consequently bounded. Thus, K’ is a bounded,
polyhedral set which means by Theorem 1.2.7 that K’ is a polygon. In two dimensions the number
of vertices and facets (which are its edges) coincide (see [ , §16 Euler’s Relation, Theorem 16.1,
p. 98]). Thus, K’ is a 2N-gon. By definition of K’ through its half-space representation, we see that
f? are linear forms that support K’ at its edges. Then all the prerequisites to apply Lemma 2.2.10 to
K’ are fulfilled. Using this fact and (2.2.27) finally proves (2.2.26) because

2 pesllI APl ey < 50 < TR0 -

1<i<j<N
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Chapter 3

The Plateau problem in arbitrary codimension in the

Finsler setting

In this final chapter we formulate and solve the Plateau problem in n-dimensional Finsler space (R™, F')
for a reversible Finsler metric F'. To achieve this goal, we first reference the work of Hildebrandt and
von der Mosel in which they developed the theory of Cartan functionals. We state their result on the
Plateau problem for Cartan integrands (Theorem 3.2.1). Finally, we solve the Plateau problem in
the Finsler setting by identifying the Busemann-Hausdorff area integrand a’, as a Cartan integrand
for m = 2. For that, we use the convexity of the area integrand which we established in Chapter 2.

Further, we use a representation of the area integrand, found by Overath in | |.

3.1 Formulation of the Plateau problem in Finsler space

In this section we formalise the Plateau problem which was mentioned in the introduction. Let us

recall the question it poses:
Given a closed rectifiable Jordan curve T, is there a minimal surface spanned by T'?

For the following, denote the two-dimensional Euclidean unit ball in R2 by B. Its boundary is the set
of vectors of Euclidean unit length and we denote it by S'.

A curve in R" is a continuous mapping ¢: [a,b] — R™ of an interval [a,b] into R™. If a curve is
injective then we call it a simple curve. A curve c is said to be a closed curve if c(a) = c¢(b). We
can reparametrise a curve to be a continuous mapping c¢: S' — R™ (Consider the map co ¢~! where
o: [a,b] — SHt (cos (27rlt):—3) ,sin (27r2:—‘;)) ). The image I' = im (¢) of a simple closed curve

c: S = R" is called a Jordan curve. A rectifiable curve is a curve of finite Fuclidean length,
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Chapter 3 The Plateau problem in arbitrary codimension in the Finsler setting

that is,
cW@:/w@w<m.
Sl

Suppose I is a closed Jordan curve in R™ and let ¢: S' — I' be a homeomorphism from S* onto T'.
Then a continuous mapping ¢: St — I" from S! onto I is said to be weakly monotonic if there is a

non-decreasing continuous function 7: [0, 27] — R with 7(0) = 0, 7(27) = 27 such that
(cos(8),sin(0)) = ¢(cos(7(6)),sin(7(6)))

for 0 < 6 < 27 (see | , Definition 2, p. 231]).

We now define the class of admissible surfaces for the Plateau problem. Recall that every function
X € W12(B,R") has a trace X o on the boundary S! which is of class L?(S',R") (see | ,
Theorem 1, p. 272])

Given a closed Jordan curve I" in R™, a mapping X: B — R" is said to be of class C(T") if and
only if X € Wh2(B,R") and its trace X‘Sl can be represented by a weakly monotonic, continuous
mapping ¢: St — T of S! onto I' (which means, every L?(S!, R")-representative of X ‘Sl coincides
with ¢ except for a subset of zero one-dimensional Hausdorff measure). One can show that C(T") is

non-empty if the Jordan curve I' is rectifiable (see | , Pp- 233-234]).

Finally, we can formulate the Plateau problem for Finsler area mentioned above. Notice that for

n = 3 this coincides with the Plateau problem in [ , Theorem 1.2, p. 278].

Theorem 3.1.1 (Plateau problem for Finsler area in arbitrary codimension )

Let F' be a reversible Finsler metric on R™ and assume in addition that

0<mp:=_inf F(,)< sup F() = [|F||poc@nxgn-1y) = Mp < 00.
R x§n—1 R» xSn—1

Then for any given rectifiable Jordan curve I' C R™ there exists a surface X € C(T'), such that
F . F
areap(X) = inf areag(-).
5(X) = inf areafs()
In addition, the minimiser X is Euclidean conformally parametrised almost everywhere on B, that is,

— | d -
Ou? an Oul’ Ou?

ox
oul

2 ‘GX'Q <8X‘8X

> =0 H>*- a.e. on B.
R2
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3.1 Formulation of the Plateau problem in Finsler space

Furthermore, the minimiser X has the following reqularity property,
X e C°(B,R*")nC™ (B,R")n W (B,R")

2
for o := (%) € (0,1] and some q > 2.
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Chapter 3 The Plateau problem in arbitrary codimension in the Finsler setting

3.2 Cartan functional theory

In the work of Hildebrandt and von der Mosel | , , , , ,

| the theory of Cartan (or parametric) functionals has been developed. In particular,

?

the Plateau problem for Cartan integrands has been solved and higher regularity of the minimizers
has been established. We want to apply their theory to the Busemann—Hausdorff area integrand and

prove Theorem 3.1.1 from the preceding section.

First, let us define the basics of Cartan functional theory. For two integers n,m with n > m, set N :=

(™). Recall from Corollary 1.1.13 that we can isometrically identify the spaces (/\m(]R”), [l g (Rn))

::L
and (RY,|-|) where |- | is the standard Euclidean norm on RY. We denote the image of the set

GCp,(R™) ¢ A™(R™) under this identification as GC,,(R") C RV.

A function I: R® x RN — R is called a Cartan integrand if it is continuous, that is,
IeC® (R xRY) (R)
and if it is homogeneous of degree one in its second variable, that is,
I(x,tz) = tI(xz,z) forallt>0,(z,2) € R" x RV, (H)

A Cartan integrand I is said to be positive definite if there are two constants M; and Ms with

0 < My < M5 such that
M|z < I(z,z) < Malz| for all (z,2) € R" x GC,,(R"). (D)

A Cartan integrand I is said to be semi—elliptic on Q x RY for ) ¢ R™ if it is convex in its second

variable, that is, if

I(z,tzy + (1 —t)z) < tl(z,21) + (1 —t)I(2,20) forallz € Q, 21,20 € RY and t € [0,1].  (C)

Given a Cartan integrand I we can define the Cartan functional Z in the following way. Suppose

M is a smooth m-manifold and X: M — R™ a smooth immersion. Then we define

where the differential m-form i on M is given in local coordinates (u',u?,...,u™): U C M — Q C R®
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3.2 Cartan functional theory

. 0 0 0
vt (s, (2] ) s (5] )0 2]

This form is well-defined globally due to its invariance under a coordinate change (| , p- 47]). If

by

we choose M = () for an open subset Q@ C R™ and (u®) to be the standard coordinates on R™, then

Z(X) computes to

0X 0X 0X
Z(X) :/ QI (X(u),aul(u)/\w(u)/\-«-/\aum(u)) dutdu?® ... du™.
ue

The value Z(X) can be guaranteed to be finite by assuming X € W1 ™(Q,R") and [ to satisfy the
positive definiteness relation (D). We can see this by combining these assumptions, Lemma 1.1.14

and the identification RY =2 A" (R") to get the estimate

0X 0X 0X

0X 0X 0X
w(““ww“““w(“)

I (X(u),;i(l(u)/\;ig(u)/\ n X (u)) <

:M2

AT (")

5‘u’

0X
=1

R~

On the last expression we can apply the inequality of arithmetic and geometric means and the Holder

inequality and get

M, H ’gf;(“) = M2% (Z
i=1

i=1

Thus, it follows that

X X X N
7(X) :/ QI (X(u),aul(u) A W(u) A A aum(u)> duldu? .. du
ue
1 ox ™
< Mo— : 152 m
B QmLeszZ ou’ ()| dudu®...d

< MQEHXH“MI,L,R(B,R”) < 00.
Hildebrandt and von der Mosel proved the following result on the minimisation of the Cartan
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Chapter 3 The Plateau problem in arbitrary codimension in the Finsler setting

functional in the class of admissible surface C(I') introduced in Section 3.1. Note that therein we chose
M = B as the parameter domain of the competing surfaces X. Further, m = 2 and X € W12(B,R")
for X € C(T") such that the value of the Cartan functional is finite by the preceding calculation.

Theorem 3.2.1 (Plateau problem for Cartan integrands, [ , Theorems 1.4 and 1.5, p. 928])
Suppose I: R" x RN — R satisfies (R), (H), (D) and (C). Then for any given rectifiable Jordan
curve I' C R™ there exists a surface X € C(T"), such that

I(X) = jnf 7).

In addition, the minimiser X is Euclidean conformally parametrised almost everywhere on B, that is,

‘8X

oX|*  |9X
oul|

ou?

2 <aX 0X

an - =
Oul’ Ou?

> =0 H>- a.e onB.
R2
Furthermore, the minimiser X has the following regularity property,
X eC’ (B,R*)nC™ (B,R")nW"(B,R")
2
for o= (”A}—?) € (0,1] and some q > 2.

Note that in | ] a Cartan integrand is called positive definite if the inequalities in (D) hold
for all of R® x RY. However, an analysis of their proof shows that condition (D) as stated above

suffices to prove Theorem 3.2.1.

98



3.3 Representing the Busemann—Hausdorff area as a Cartan functional

3.3 Representing the Busemann—Hausdorff area as a Cartan functional

To prove Theorem 3.1.1, we wish to identify the two-dimensional Busemann—Hausdorff area integrand
al’ for a reversible Finsler metric on ' = R" as a positive definite, semi-elliptic Cartan integrand.

Recall from (2.1.6) that af is the function

afh: | | GOm(TyR™) — Ry,
qEN
Em

(%wl /\w2/\"'/\wm) = Hm ({UERm | F(q,vawa) < 1})

where we sum over Greek indices o« = 1,2,...,m.
As discussed in the previous chapter, the tangent spaces T,R" are canonically isomorphic to R"

itself and we mentioned above that A" (T,R™) = A"™(R") = R". So we can identify the disjoint

union as
|| A" @rY 2 | | RY = [ {g} xRV =R" xRV, (3.3.1)
qERN qE€R qE€Rn

One can show that ||, A" (TyN) is a vector bundle of rank N (see | , Exercise 14.14,

p. 359]). In fact, if N'=R" then it is a trivial bundle which means that the identification (3.3.1) is a
homeomorphism. Under this identification, the Busemann-Hausdorff area integrand af, is a function
mapping the subset R” x GC,,(R") C R™ x RY to R.

Recall as well that by (2.1.9)

al (@i Ava A Avg) =AM (v Avg A Avg)

for ¢ € R” and v7 Avg A -+ Av,, € GC(R™). Therein, Abh = APh  wag the m-dimensional

q,m

Busemann-Hausdorff area density for the normed space (R", F(q,-)) = (T,R", F(q,-)).

3.3.1 SEMI-ELLIPTICITY AND HOMOGENEITY OF a oN R" x RY

For m = 2 (and thus N = (3)) we showed in Theorem 2.2.2 that the two-dimensional Busemann—
Hausdorff area density Agf’Q: GC3(R™) = GC5(R™) — Ry is convex, that is, it admits an absolutely
homogeneous, continuous and convex extension A = Ag2: A*(R") 2 RN — R, (see Definition 2.2.1)

Therefore, the two-dimensional Busemann—Hausdorff area integrand extends to a function

ag: R"” x RN — Ry, (g,0) = Ag2(0)
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Chapter 3 The Plateau problem in arbitrary codimension in the Finsler setting

which we call the extended two-dimensional Busemann—Hausdorff area integrand.

Since A is convex for every normed space (R", F(q,-)), the function af is convex in its second
variable and therefore the extended two-dimensional Busemann-Hausdorff area integrand is semi-
elliptic on R™ x R, that is, (C) holds. Further, af is homogeneous of degree one in its second variable

because A is and so, (H) holds.

3.3.2 CONTINUITY OF af oN R™ x RV

For the regularity of al’, we consider the extended Busemann-Hausdorff area integrand as a mapping
from | | cgn /\2(TqR") to R.
Theorem 3.3.1 (Continuity of af)

The extended two-dimensional Busemann—Hausdorff area integrand al: L, ern /\2(TqR”) — Ry isa

continuous function. Therefore, by using the identification (3.3.1)
al’ € CO(R™ x RY),

that is, the condition (R) holds true.

PrOOF: We recall that af'(q,0) = A, 2(0) for (¢,0) € Uyern /\Z(TqR”). Each of the extensions Ag 2
is a continuous function by Theorem 2.2.2 and Definition 2.2.1. Since R" is a smooth manifold, we
know that its tangent spaces T,R™ vary continuously in g. Thus, af is also continuous in its first
variable. Using local trivialisations of the vector bundle | | . /\Q(TqR”), it then follows that af is

continuous on all of | | cgn /\2(TQR"). O

3.3.3 POSITIVE DEFINITENESS OF ai ON R" x RV

Condition (D) is only a condition on R" x GC,,(R™). Therefore, we need only show it for the
Busemann-Hausdorff area integrand and not for its extension. In fact, (D) holds true for af for
arbitrary m as we will see in the following. In the work of Overath | | it was found that the
Busemann—Hausdorff area integrand can be represented as a spherical integral. This result will provide

us with a way to quantify the positive definiteness of al.

Theorem 3.3.2 (Spherical integral representation of aZ , , Theorem 2.1.6, p. 70])
Letn > m >0, (N, F) be a Finsler manifold where F' is strictly positive on TN \ o. Let ¢ € N and

100



3.3 Representing the Busemann—Hausdorff area as a Cartan functional

w1 Awa A ... Awp, € GC (T,N). Then we have

1 1 !
afl(q, wp Awg A=+ A wm) = <7‘lm_1(Sm_1) \/S'm_1 Wd5(0)> . (332)

Therein dS(0) is the spherical measure and S™ ' = {z € R™ | |z| =1} is the m-dimensional

FEuclidean unit sphere.

PROOF: We need only rewrite the Hausdorff measure in expression (2.1.6) by a change of variables
(see | , Satz 8, p. 144]). Using polar coordinates we can write any v = (v*)7_; € R™ as v = s
where 0 = v/ |v| € S™~! and s = |v| € [0,0). Then

H™ ({v e R™ | F(g,v%w,) < 1})

~ [ Xt mgam < @)L @)

oo
- \/Skrnfl /0 X{(TGI)GR"L

wherein xj is the characteristic function of M, that is, xp(2) := 1 if 2z € M and 0 otherwise.

m—1
F(q,TG/“wa)Sl}(se)S deS(@)

The Finsler metric F' is positive homogeneous in its second component by definition. Further, F' is

strictly positive on TA \ o. Therefore,

oo
m—1
/Sm*1 /0 X{(r@’)ERm | F(q,re’“wa)gl}(se)s deS(a)

[ X

(F(q,0%wa)) ™"
:/ / s dsdS(0)
sm-1.Jo
1

ds(o).

) (s0)s™ *dsdS(0)

r<(F(g,0"wa))

A’"—l m (F ((L eawa))m
Substituting into (2.1.6) and using H™~1(S™~1) = mH™(B*(0)) = me,,, we find

Em

me*1 m(F(q,Ql"wa))m dS(a)

- (i . s (")>_1' -

The next result shows that the Busemann—Hausdorff area integrand coincides with the classical

al (gywr Awg A+ Awy,) =

area integrand in the case that the Finsler metric is the Euclidean norm.
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Chapter 3 The Plateau problem in arbitrary codimension in the Finsler setting

Lemma 3.3.3 (Euclidean area integrand)
Define F: R™ x R™ — Ry by F(q,v) := |v| where | -| is the Fuclidean norm on R™. Then F is a
Finsler metric on R™ which is strictly positive on R™ x (R™\ {0}) and

ayi(g,0) = |o|  for all (¢,0) € R" x GCyy(R") (3.3.3)

where | - | denotes the n-dimensional Fuclidean norm on the left-hand side and the (:7) -dimensional
one on the right-hand side.

PRrROOF: Clearly, F is non-negative on R™ x R", strictly positive on R™ x (R™ \ {0}) and positively
homogeneous in its second argument. In addition, F' € C* (R™ x (R™\ {0})) N C°(R™ x R™). Note
that

Nl

F(q,v) = (&-jvivj)

where d;; is the Kronecker delta. Then the numbers

1 02 1
gij(Qav) = iaviavj Fz((Iav) = §5ZJ

form a positive definite matrix, so that the ellipticity condition for F' is fulfilled.

To prove the second assertion, we follow the calculation in | , pp. 72-73]. The goal is to
apply the area formula | , Section 3.3.2, Theorem 1] to the denominator in (2.1.6). Fix ¢ € R"
and o € GC,,,(R™) and suppose ¢ = wy A wa A -+ A w,, where wy,ws, -+ ,w,;, € R"™ are linearly
independent.

We will prove
em = [lol|Am@nH™ ({v € R™ | [v%wa| < 1}). (3.34)
wherewith it follows that
a"n'“!(qVJ) = ||U||AM(R7L)‘

As mentioned in the beginning of the present section, we recall from Corollary 1.1.13 that the spaces

(/\m (R™), ||-H/\m(]Rn)) and (RY,|-|) are isometrically isomorph. So

HUH/\’"(R") = |o|
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3.3 Representing the Busemann—Hausdorff area as a Cartan functional

where we use the same symbol o for an element of GC,,(R") C A" (R") and of GC,,(R") C RY on

the left- and right-hand side respectively. Combining this with the above, the assertion holds true.

To prove (3.3.4) define the map f: R™ — R™ v+ v*w,. This is an injective linear mapping with

im (f) = span {wy,ws, ..., w,} C R™. Note that the Jacobian matrix of f is

aft ... of
vt v
Df(v) =1 : :
or ... o™
a’Ul dvm™m
= (wy|ws| - Jwy,) € R™*™

and the Jacobian determinant of f is

J(v) = \/det (D (0)T Df(v))
= \/det ((wa, wﬁ>Rn)a,ﬁ:1,...,m

= flwn Aws A+ Awmll gy = 191 A oy

Define the two sets

A:={veR"| |v7ws| <1} CR™

Q:= B?(0) Nspan {wy, wa, ..., Wy} CR"?

wherein B7(0) C R™ denotes the n-dimensional Euclidean unit ball. As a first step we will show
f(A) = Q. Let y € f(A), then y = v*w, € span{wi,wa,...,wy,} and [v¥w,| = |y| < 1. Therefore,
y € Q. Conversely, suppose y € Q. Then y = v*w,, for some v € R™ and |y| = [v¥w,| < 1. Hence,

y € f(A). In a next step, we show
HO (AN D) = xal):

If y ¢ im(f) = span{wy,wa,...,wy} then f~1({y}) = @ and AN f~'({y}) = @. Therefore,
HO (AN f~1({y})) = 0 and xq(y) = 0 because Q C im (f).

If y € im (f)N f(A) = span {wy,ws, ..., w,} NQ then the injectivity of f implies that the cardinality

of f7'({y}) = An f~1({y}) is 1. Therefore, HO(AN f1({y})) = 1 = xa(y). If y ¢ Q but still
y € span {wy,wa, ..., wn,} then AN f~1({y}) = @ and consequently, H°(A N f~*({y})) = 0 = xa(y).
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Using the area formula, we get

ol o ny 2™ ({0 € R | F(g, v wa) < 1})

= Il 4) = |

ve

- / e = [ HAn T )

yER™

|| AmpnydL™ (v
A|| [ A Ry dL™ (V)

— [ xawdnm @) = (BT nspan {wn, v, .. 0}
yeRn
— (BFO)) = em
In the last equation we used that the n-dimensional Euclidean unit ball is centrally symmetric. This

proves (3.3.4). O

Now we can compare the value of the Busemann-Hausdorff area integrand for two different Finsler

metrics.

Lemma 3.3.4 (| , Lemma 2.4, p. 286])
Suppose Fy, Fy are two Finsler metrics on R™ which are both strictly positive on R™ x (R™\ {0}). If

for ¢ € R™ there exist numbers 0 < c1(q) < ca(q) with
c1(q)Fi(g,v) < Fa(q,v) < caq)Fi(q,v)  for allv € R™,
then
mi(q)alt(q,0) < af?(q,0) < c2(q)alt (q,0)  for all o € GC,,(R™), (3.3.5)

where m;(q) := c(q) fori=1,2.
PROOF: We use Theorem 3.3.2 to get for 0 = wy Awg A -+ Aw,, € GO, (R™)

. 1 1 !
m (q)afj@ (g, w1 ANwz A=+ ANwm) = ci"(q) (%ml(Sml) /S"L71 (Fl(q,ﬁawu))mds(9)>

1 1
N (H’”‘l(gm‘l) /Sm—l (c1(q)F1(q, 0%wy))

: (a?sm L. WC’S”))I

zaff(q,wl ANwg A+ Awpy).

mdSw))_l
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3.3 Representing the Busemann—Hausdorff area as a Cartan functional

The second inequality follows similarly. O

Finally, we combine the preceding results to find the positive definiteness of a’ .

Theorem 3.3.5 (Positive definiteness of aZ , | , Corollary 2.5, p. 287])

Let F' be a Finsler metric on R™ with

0<er:=_inf F(, )< sup F(,,) = [[F[| poo(gnxgn-1) = €2 < 00. (3.3.6)
R xSn—1 Rnx§n—1
Then
milo| < al (q,0) <malo|  for all (¢,0) € R™ x GC,,(R™), (3.3.7)

where m; := c* fori = 1,2, that is, (D) holds true.

PROOF: Through the positive homogeneity of F' in its second argument, we see from (3.3.6) that

v

erfo] < JolF (q, ) — F(g,v) < calo]

[l

for all (¢,v) € R™ x R"™. For ¢ € R" set ¢;(q) := ¢; for i = 1,2. The functions Fi(q,v) := |v| and
Fy(q,v) := F(q,v) both are Finsler metrics on R™ which are strictly positive on R™ x (R™\ {0}). Due
to Lemma 3.3.3 we find in addition that

all(g,0) = |o|  for all (¢,0) € R™ x GC,,(R™),

where |- | on the left and right-hand side means the Euclidean norm on R"™ and R¥ respectively.

Therefore, we can apply Lemma 3.3.4 to F} and F» and obtain (3.3.7) from (3.3.5). O

We conclude this chapter and the thesis with the proof of the Plateau problem in reversible Finsler

space.

PROOF OF THEOREM 3.1.1: In Sections 3.3.1, 3.3.2 and 3.3.3 we saw that the extended two-dimensionallj

Busemann-Hausdorff area integrand al’: R* x RN — R is a positive definite, semi-elliptic Cartan

integrand. Recall that the Busemann-Hausdorff area functional area(-) in (2.1.7) is given by
0

areag()()z/gafT (X(p)’pr<8u1 >/\-~-/\pr (83” >>du1/\---/\dum.
pe P P

Thus, areak(-) is the Cartan functional corresponding to I = al’. Therefore, we can apply The-
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Chapter 3 The Plateau problem in arbitrary codimension in the Finsler setting

orem 3.2.1 to the present situation which yields the stated result.
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Conclusion and prospects

In this thesis we solved the Plateau problem in Finsler space in arbitrary codimension for a reversible
Finsler metric. We observed in Chapter 3 that the proof technique used in [ | for the
codimension one case can be applied to solve the area minimisation problem in higher codimension.
Essentially, only the convexity of the two-dimensional Busemann—Hausdorff area density, established
in [ |, was needed. It was especially important that the underlying Finsler metric is reversible,
since otherwise all the arguments involving symmetric polygons in Chapter 2 do not hold.

Overath and von der Mosel, however, did not restrict themselves to reversible Finsler metrics. They
considered the so-called m-harmonic symmetrisation Fj,,(z,y) = 2w (F(x,y)"™ + F(x, —y)_m)_%
of a Finsler metric F'. Note that Fi,,, is always reversible and coincides with F', if the original Finsler
metric is reversible. In | | as a general assumption only such Finsler metrics are considered
whose m-harmonic symmetrisation is also a Finsler metric. Their idea is to apply the convexity result
to the reversible m-harmonic symmetrisation and use a result comparing the corresponding Finsler
areas. In fact, Overath and von der Mosel showed that the Busemann-Hausdorff area functionals
corresponding to F' and Fy,,, coincide (see | , Theorem 1.1 + Lemma 2.3, p. 276-+285]) — but
their proof is restricted to codimension one.

Further analysis is needed to see if a similar result holds true in higher codimension to fully generalise
Overath and von der Mosel’s work. It remains to be investigated if their results on higher regularity

of solutions (see | , Theorem 1.4, p. 281|) generalise straightforwardly to higher codimension.
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