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Outline

Setting
> Finsler manifolds
- Busemann-Hausdorff area functional Ag

- Plateau problem for Ag

Existence of Busemann—-Hausdorff area minimisers
- Hildebrandt/von der Mosel framework for Cartan functionals

- How does Ay fit into the Cartan theory?
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; RWTH
Notation

Mathematics

Let M™ and N" be smooth manifolds, u: M — N an immersion or embedding.

M N
Riem. or Finsler metrics g,f g F
points porx gory
local coordinates (x!, ...,

In the final results always choose

m=2,
M = D c R? unit disk,
N =R".
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Finsler manifolds UNI\I;\IIE'\F({:EIw

Mathematics

Morally speaking:
Finsler metric = smooth family of smooth norms on tangent bundle.

This smoothened dodecahedron generates a
Finsler metric on R3.
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Finsler manifolds

Mathematics

A Finsler metric on N is a function F: TN — [0, o) s.1.:
Regularity: F € CK(TN \ {0}) N CUTN), k € {2,3,..., +co}.
Positive 1-homogeneity: F(q,tv)=tF(q,v) forall t>0, (¢,v) € TN.
Ellipticity: For any (q,u) € TN \ {0} the “first fundamental form”

gqu(v W) dlds’ts OzF(q,u+tV+SW)

describes a scalar product (which depends on (g, u)!).
A Finsler metric is reversible if F(g,v) = F(q,—v) for all (g,v) € TN.
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Busemann-Hausdorff area functional RWTH

Suppose g is an auxiliary Riemannian metric on the target N.
Define the Riemannian volume of N by

/— Riemannian volume density
Vol(N) = f
N

Hg-
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Busemann-Hausdorff area functional RWTH

Suppose g is an auxiliary Riemannian metric on the target N.

Define the Busemann—Hausdorff volume of N by Riemannian volume density

Volp(N) = f WF.g Hg
N

where wg, is the weight function defined by
X  ~=Q,forallg!

(%))
Fe\q z, ( O)
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Busemann-Hausdorff area functional RWTH

Suppose g is an auxiliary Riemannian metric on the target N.

Define the Busemann—Hausdorff volume of N by Riemannian volume density

Volp(N) = f WF.g Hg
N

where wg, is the weight function defined by

(%))
Fe\q z, ( O)

Define the Busemann—Hausdorff area of u: M — N by

K ~=Q,forallgl

.?(F(u) = VOIM#F(M).

Lemma: Voly (and thus Ay) is independent of the choice of g!
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Busemann-Hausdorff area functional sttt r RWiH

Lemma: Ay is independent of the choice of g!

Sketch of proof:
Given Riemannian metrics g, h € Z*(T’N) there is a smooth bundle isomorphism

E: TN — TN such that for all vector fields X, Y € X(N)
g(X,Y) = h(EX, EY).
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Busemann-Hausdorff area functional sttt r RWiH

Lemma: Ay is independent of the choice of g!

Sketch of proof:
Given Riemannian metrics g, h € Z*(T’N) there is a smooth bundle isomorphism

E: TN — TN such that for all vector fields X, Y € X(N)
g(X,Y) = h(EX, EY).
The induced volume densities and Lebesgue measures transform via

Hg = det(E) pp
Ly = det(E) L},

Thus,
f R f _
v LB 1Ty o)
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A representation formula for A ottt
Let F = u*F and g = u”g. Then

Qp
A = ——— Uglp.
F(u) L -Ez-,np(pr) Hzlp
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A representation formula for A RWTH

Let F = u*F and g = u”g. Then

Q,,
Ara) = | = el

In local coordinates (x!,...,x™) around p € M:

Qp, |
Hglp
n
Ly (51)
— Qy |
(M.8) 5 (u(h). g) isometric —— H ) Hale
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A representation formula for A
Let F = u*F and g = u”g. Then

In local coordinates (x',

(u(M), g) isometric
(u(M), F) isometric

(M,3) >
MF) S

Institute for
Mathematics

Q,,
Ara) = | = el

., x™) around p € M:

Qu |
Hglp
L?p (pr)
Q,, |
Hglp
gu(p) (BFu<p> N duy(T,M))
Qp

6u|

Ox!

gu(p) (BF,, N duy(TpM))

A axL’t"’p

8u(p)

dx!..

dx™.
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Plateau problem RWTH

Given a Jordan curve I ¢ R”, is there a disk-type surface u: D — R" such that
Ap(u) = inf Ap
ST)
in the class of competing surfaces

ST) = {u e W'2(D;R") : ulgp parametrises I weakly monotonically }?
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Institute for
Mathematics

Existence of Busemann-Hausdorff area minimisers
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Theorem (Existence) [P, von der Mosel °17] RWTH

Mathematics

Let M = D, F a Finsler and g a Riemannian metricon N = R” s.t.
crvlg, < F(g,v) < Crlvlg, forall(¢,v) € TR"

and suppose F satisfies a certain symmetrisation assumption T.

Then any given rectifiable Jordan curve I' ¢ R" bounds a g-conformally parametrised
surface u € S(I') which minimises Ag of lower regularity

CUD;RM N CO(D;R™) N W A(D; R™)

loc

for @ := (cp/Cr)? € (0, 1] and some g > 2.

tFgym(q,v) = (1/2(F(g,v)™* + F(q,-v)™2))"/* is also a Finsler metric
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Definition: Cartan functionals ottt

Suppose u: M = D — R" = N. A Cartan functional is of the form
E(u) = f E(u, 24 A 24) dx'dx?
D ( ox! 8x2)

where the Cartan density E € CO(R" x A\*R") is
positively 1-homogeneous,
convex
and of linear growth: m|o| g < E(q, 0) < mp|o] 2pn
in the second argument.
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Remarks: Cartan functionals RWTH

Mathematics

e(u):fD E(u, 24 A ) dx'dx®

Positive 1-homogeneity of E = (orient.-pres.) diffeomorphism-invariance of &

-> Conversely:
E(u) = fD e(u, du) u, is diffeomorphism-invariant = existence of a Cartan density £
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Remarks: Cartan functionals RWTH

Mathematics

e(u):fD E(u, 24 A ) dx'dx®

Positive 1-homogeneity of E = (orient.-pres.) diffeomorphism-invariance of &
> Conversely:
E(u) = fD e(u, du) u, is diffeomorphism-invariant = existence of a Cartan density £
Convexity and linear growth of E. =  weak lower semicontinuity of & in W2

-> Indeed:

Econvex = e(u,du) = ( S\ 6“)po|yconvex (and thus, quasiconvex)

u, (9)(1
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Remarks: Cartan functionals RWTH

Mathematics

e(u):fD E(u, 24 A ) dx'dx®

Positive 1-homogeneity of E = (orient.-pres.) diffeomorphism-invariance of &

> Conversely:
E(u) = fD e(u, du) u, is diffeomorphism-invariant = existence of a Cartan density £

Convexity and linear growth of E. =  weak lower semicontinuity of & in W2
- Indeed:

Econvex = e(u,du) = ( S\ (’“)polyconvex (and thus, quasiconvex)

s (9)(1
The three above conditions on E guarantee existence of £-minimisers.
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Remarks: Cartan functionals RWTH

Mathematics

e(u):fD E(u, 24 A ) dx'dx®

Positive 1-homogeneity of E = (orient.-pres.) diffeomorphism-invariance of &

> Conversely:
E(u) = fD e(u, du) u, is diffeomorphism-invariant = existence of a Cartan density £

Convexity and linear growth of E. =  weak lower semicontinuity of & in W2

- Indeed:
Econvex = e(u,du) = ( , A a“)polyconvex (and thus, quasiconvex)

The three above conditions on E guarantee existence of £-minimisers.
Further conditions yield higher interior regularity and also regularity at the boundary.
Cartan functionals were investigated by Hildebrandt and von der Mosel ['99-'09].
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Apr as a Cartan functional et
For some auxiliary Riemannian metric g on the target N, consider the function
Afg: NY'TN — R defined by This is the Euclidean
0 \/_ area integrand
A ,0) = L — m
Fg(g.0) 7 (Br, m(o-))l lgg. AmT,N

where (o) = {v € TyN : o Av = 0} is the m-dimensional subspace of 7,N spanned by o

13 S. Pistre | Higher regularity of high-codimensional disk-type surfaces minimising a Finsler area



. RWTH
Ar as a Cartan functional

Mathematics

For some auxiliary Riemannian metric g on the target N, consider the function
Afg: NY'TN — R defined by This is the Euclidean

0 \/_ area integrand
m

e |0[g,, AT, N

i (Br, N (o) T

where (o) = {v € TyN : o Av = 0} is the m-dimensional subspace of 7,N spanned by o
By the representation formula for Ar in local coordinates at p,

Ap(u) = fM Arg(u(p), 25| Ao ne] ) dxt . de,

AF,g(Qa o) =
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. RWTH
Ar as a Cartan functional

For some auxiliary Riemannian metric g on the target N, consider the function
Afg: NY'TN — R defined by This is the Euclidean
0 \/_ area integrand

m
T e, AN
Hy (Bp, N (o)) 87

where (o) = {v € TyN : o Av = 0} is the m-dimensional subspace of 7,N spanned by o
By the representation formula for Ar in local coordinates at p,

Ap(u) = fM Arg(u(p), 25| Ao ne] ) dxt . de,

The integrand Arpg: \TTN — Ris
absolutely 1-homogeneous
convexly extendible to A"TN
> forn =m+ 1 due to [Busemann ’49]
-> form =2, n € N due to [Burago, lvanov ’'12]
in the second argument.

AF,g(Qa o) =
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Theorem (Existence) [P, von der Mosel °17] RWTH

Mathematics

Let M = D, F a Finsler and g a Riemannian metricon N = R” s.t.
crvlg, < F(g,v) < Crlvlg, forall(¢,v) € TR"

and suppose F satisfies a certain symmetrisation assumption T.

Then any given rectifiable Jordan curve I' ¢ R" bounds a g-conformally parametrised
surface u € S(I') which minimises Ag of lower regularity

CUD;RM N CO(D;R™) N W A(D; R™)

loc

for @ := (cp/Cr)? € (0, 1] and some g > 2.

tFgym(q,v) = (1/2(F(g,v)™* + F(q,-v)™2))"/* is also a Finsler metric

14 S. Pistre | Higher regularity of high-codimensional disk-type surfaces minimising a Finsler area



References (Cartan functionals) RWTH

Mathematics
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; RWTHAACHEN
Some images UNIVERSITY

Minimising surface Finsler unit ball

Numerical framework due to Henrik Schumacher
Created with WOLFRAM MATHEMATICA 11
Rendered with POV-Ray 3.7
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Rendered with POV-Ray 3.7

17 S. Pistre | Higher regularity of high-codimensional disk-type surfaces minimising a Finsler area



; RWTHAACHEN
Some images UNIVERSITY

Minimising surface Finsler unit ball

Numerical framework due to Henrik Schumacher
Created with WOLFRAM MATHEMATICA 11
Rendered with POV-Ray 3.7

17 S. Pistre | Higher regularity of high-codimensional disk-type surfaces minimising a Finsler area



Institute for

RWTHAACHEN
UNIVERSITY

"*ﬁ"ﬁ@
ﬁ ;

258, ,&
“3»

,,;r.u»t.:

See you in part Il of the lecture series!

RWTH Aachen University pistre@instmath.rwth-aachen.de
Templergraben 55
52062 Aachen https://www.instmath.rwth-aachen.de/en/~pistre/


https://www.instmath.rwth-aachen.de/~pistre/files/Talks/2021-02_GeomAnaFestival.pdf
mailto:pistre@instmath.rwth-aachen.de
https://www.instmath.rwth-aachen.de/en/~pistre/

Institute for
Mathematics

Higher regularity of high-codimensional disk-type surfaces
minimising a Finsler area

Part Il
oo, 3,

S
Sven Pistre 3415!‘}1”' et
Advisor: Heiko von der Mosel '?éj‘b. e %“‘-

pes Mathematics ':5}
15t Geometric Analysis Festival '*g o

oy

Organised by Hojoo Lee

o3
February 2021 :ﬁ 2


https://www.instmath.rwth-aachen.de/~pistre/files/Talks/2021-02_GeomAnaFestival.pdf

‘ RWTH
Outline

Mathematics

Higher regularity via the framework for Cartan functionals

Ingredient: Perfect dominance functions

Ingredient: Radon transform
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Institute for
Mathematics

Higher regularity via the framework for Cartan functionals
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Theorem [Overath, von der Mosel ’13] RWTH

Institute for
Mathematics

In codimension 1:

Let M = D, F a Finsler metricon N =R3and g = (-, - )gs.
There is a constant ¢ > 0 s.t.

If

sup ”:F(qa ) - | : |R3]]C2(§2) <c,
geR3

then every conformal minimiser u of Ag in S(T') is of class
Wi (D:R?) 0 C¥(D; R?)

for some u € (0, 1).
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Theorem [P *21+¢] RWTH

Institute for
Mathematics

In arbitrary codimension:

Let M = D, F a Finsler metric on N = R" and g a Riemannian metric.
There is a constant ¢ = ¢(g, N) > 0 s.t.

If

sup [[F(q’ D=1 |gl[]]cz(§ré—1) <c,
ger” 89

then every g-conformal minimiser u of Ar in S(I') is of class
W22(D;R") N CH¥(D; RY)

for some u € (0, 1).
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Theorem ? RWTH

Institute for
Mathematics

In arbitrary codimension:

Let M = D, F a Finsler metric on N and g a Riemannian metric on N.
There is a constant ¢ = ¢(g, N) > 0 s.t.

If
[F =1 lellcags rmy < e
then every g-conformal minimiser u of Ar in S(I') is of class

W22(D; N) n C*(D; N)

loc

for some u € (0, 1).
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Theorem [P *21+¢] RWTH

Institute for
Mathematics

In arbitrary codimension:

Let M = D, F a Finsler metric on N = R" and g a Riemannian metric.
There is a constant ¢ = ¢(g, N) > 0 s.t.

If

sup [[F(q’ D=1 |gl[]]cz(§ré—1) <c,
ger” 89

then every g-conformal minimiser u of Ar in S(I') is of class
W22(D;R") N CH¥(D; RY)

for some u € (0, 1).
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Institute for
Mathematics

Ingredient: Perfect dominance functions
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Theorem [Hildebrandt, von der Mosel 03]

Mathematics

Suppose € is a Cartan functional with Cartan density E,
i.e. E € COR" x A’R") is

positively 1-homogeneous,

convex,

and of linear growth.
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Theorem [Hildebrandt, von der Mosel 03]

Mathematics

Suppose € is a Cartan functional with Cartan density E,
i.e. E € COR" x A’R") is

positively 1-homogeneous,

convex,

and of linear growth.
Then every conformal minimiser u of € in S(T') is of class

W (DR N C¥(D; R")

loc

for some u € (0, 1), if the Cartan density £
is of class C2(R" x (A’R" \ {0}))
and it possesses a perfect dominance function.
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Definition: Dominance functions

A function D € CO(R” x R™?) is a dominance function
for an Cartan density E € CO(R" x A’R") if

E(q, Py A Py) < D(q,P)forallg e R and P = (Py, Py) € R™?,

E(q,Pi A Py) = D(q.(P1,Py)) ifandonlyif |Pi[, =|Pal3, and (Py, Py)g: =0,
and in the second argument the dominance function D is

positively 2-homogeneous,

and of quadratic growth: w1l PL2,., < D(g, P) < pal PI3,,..-
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Definition: Dominance functions

A function D € CO(R” x R™?) is a dominance function
for an Cartan density E € CO(R" x A’R") if
E(q, Py A Py) < D(q,P)forallg e R and P = (Py, Py) € R™?,
E(q,Pi A Py) = D(q.(P1,Py)) ifandonlyif |Pi[, =|Pal3, and (Py, Py)g: =0,
and in the second argument the dominance function D is
positively 2-homogeneous,
and of quadratic growth: u1|Plfw2 < D(q,P) < ﬂzIPI]%,,Xz-
A dominance function D is called perfect if
D € C2(R" x (R™? \ {0})) and
for R > 0 there is A(R) > 0 s.t. for all |g|r: < R the function

P D(q,P) - AR)LIPE,..

is convex (i.e. D(q,-) is A(R)-convex).
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Perfect dominance functions: Existence RWTH

Mathematics

Theorem [Hildebrandt, von der Mosel *03]

Suppose E € C2(R" x (A*R™ \ {0})) is positively 1-homogeneous, of linear growth
(with constants m; and m;) and uniformly elliptic,

i.e. there is 1>0 s.t. for all g € R" the function

o E(q,0) — Ao pagn

is convex.
Then for every k > ko(my,ma, A) T the new integrand

(q,0) = E(q,0) + klo| p2gn

possesses a perfect dominance function.

- This is the Euclidean area integrand
Tko(my, mp, A) = 2m, — min(24, m,)
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Perfect dominance functions: Existence RWTH

Mathematics

Corollary [Overath, von der Mosel ’13]
Suppose E is as before and This is the Euclidean area integrand

sup [[E(q’ ) - | : |/\2R"]]C2(S(g)_|) < %

geR”

then E itself possesses a perfect dominance function.
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Institute for
Mathematics

Ingredient: Radon transform
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Goal

Form=2and N = R":
Show that the integrand Af,: A2TR" — R of A satisfies

() Arg € C2(AJTR" \ (0D,
(i) Af, is uniformly elliptic

|
(”I) and SupqeR" [[AF,g(q’ ') - | . |gq,A2TqR”]]C2(Sg)—I) < 3
Compare condition (iii) to the smallness condition on

qsgé)n [F(g.)—1" |gq]]c2(gg;1)

in the main theorem.

These three goals can be achieved by using functional analytic properties of the so-called
Radon transform.
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Motivation: An easy calculation RWTH

Mathematics

Recall from earlier for o € N\J'T,N:

Afglg,0) = lgg. AT, N-

P | o
Hy (Br,N(c)) |

Using spherical coordinates in the m-dim. Hilbert space ({(c), g4l(o):

(o)

Hy' (B, N (o) = XBr,n()(86) s"'ds dH ! (6),

m—

84l
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Motivation: An easy calculation RWTH

Mathematics

Recall from earlier for o € N\J'T,N:

Afpg(g,0) = AMT,N-

L P
7—(;,’(’] (quﬂ<0')) | |gq,

Using spherical coordinates in the m-dim. Hilbert space ({(c), g4l(o):

(o)

Hy' (B, N (o) = XBr, ) (s6) s"ds dwg";-l(e).

m—

84l

Note that s¢ € B, if and only if s < F(g.6)"".
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Motivation: An easy calculation RWTH

Mathematics

Recall from earlier for o € N\J'T,N:

Afglg,0) = lg. AT, N-

Qy
— |0
Hy (Br,N(c)) |
Using spherical coordinates in the m-dim. Hilbert space ((c), g4l(s)):
F(g.0)™"

s"ds dH ' (6)

m—1
8qloy

Note that s¢ € B, if and only if s < F(g,6)™".

H(Br, 00 = [
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Motivation: An easy calculation
Recall from earlier for o € N\J'T,N:

Afglg,0) = lgg, AmT,N-

Qy
— < |0
Hy (Br,N(c)) |

Using spherical coordinates in the m-dim. Hilbert space ((c), g4l(s)):

F(g,0)"!
s lds dﬂg";—l(e)

m—1
8qloy

H(Br, 00 = [
Note that s¢ € B, if and only if s < F(¢,6)"' and hence
Ho (B, ()

Q, - mQy, -1
8ql(or)

F(g. ™" dHg™
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Motivation: An easy calculation
Recall from earlier for o € N\J'T,N:

AFrg(q,0) = Tlg,. AnT,N-

H (B m(a')) o

Using spherical coordinates in the m-dim. Hilbert space ((c), g4l(s)):

F(g,0)!

H (Br, 0 (o)) = f N f ™15 dH(6)
290y

Note that s¢ € B, if and only if s < F(¢,6)"' and hence

H (Br,n()) o

e F(g, )™ dHy!

m—1
é([\<0—>

F(g,)™" dHy" L

Sg, ' o)

{0, 84l(ey) = (TyM, gq) isometry
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The Radon transform: Definition RWTH

Mathematics

Let Gr),, denote the Grassmannian, the set of m-dimensional subspaces of R".
The linear operator R: C%(S"!) — C%(Gr”) defined by

RIFIE) = 5= f faH™!
S=InE
is called the Radon transform on R".

This construction can be lifted to a linear operator R, on the sphere bundle and the
Grassmann bundle of (¥, g).
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The Radon transform: Definition RWTH

Mathematics

Let Gr),, denote the Grassmannian, the set of m-dimensional subspaces of R".

The linear operator R: C%(S"!) — C(Gr") defined by This needs to be checked!

m

RIFIE) = 5= f faH™!
S-InE

is called the Radon transform on R".
This construction can be lifted to a linear operator R, on the sphere bundle and the
Grassmann bundle of (¥, g).

Corollary
The area integrand Ar,, satisfies

1
Fig. (o | s T

AF,g(q’ o) = R [
8
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The Radon transform: Properties RWTH

Mathematics

Downside to using Ar:
In high codimension the base space A”TN is a bundle of cones and difficult to handle.

Benefits of the Radon transform:
Base spaces S"~! and Gr”, are homogeneous O(n)-spaces with a lot of algebraic and
geometric structure.

By the Plicker embedding both base spaces are related via

Gl = ( S(A"R") N ATR")/ Zs.
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The Radon transform: Properties RWTH
For E € Gr";: RIFNE) = Lf faH™
S*InE

Mathematics
W1

Lemma (O(n)-Equivariance)
Forany f € C/(S™ 1) and Q € O(n):

R[f1e Q=R[f0 QI

{5
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The Radon transform: Properties RWTH
For E € Gr": RIFNE) = Lf faH™
S*InE

Mathematics
W1

Lemma (O(n)-Equivariance)
Forany f € C/(S™ 1) and Q € O(n):

R[f1e Q=R[f0 QI

Taking derivative at Q = Idgr» leads to:

Theorem (Differentiability)
Suppose f € C/(S"1). Then R[f] € C'(Gr,,(R")) and for all X € o(n):

d(RLf ])(‘7%() = RIAf (K]

Fundamental vector fields generated by O(n)-actions
15
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The Radon transform: Properties RWTH

Mathematics

Theorem (Differentiability)
Suppose f € C/(S"™). Then R[f] € C'(Gr,,(R")) and for all X € o(n):

dR[fD(Ky) = RIAF(FK )]

Theorem (Higher differentiability)
For any k > 0 the Radon transform

R: ks - ckGrt)

is a continuous operator with explicit bounds for its operator norm.
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The Radon transform: Properties RWTH

Mathematics

Theorem (Differentiability)
Suppose f € C/(S"™). Then R[f] € C'(Gr,,(R")) and for all X € o(n):

dR[fD(Ky) = RIAF(FK )]

Theorem (Higher differentiability)
For any k > 0 the Radon transform

R: ks - ckGrt)

is a continuous operator with explicit bounds for its operator norm.

Theorem (Invertibility, [Helgason, *90])
The Radon transform (restricted to even functions on the sphere) is an invertible operator.

THelgason gives an explicit inversion formula
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The Radon transform: Summary RWTH

Mathematics

We needed to prove three properties for the area integrand Ar,, to apply
the theorems of Hildebrandt/von der Mosel:
(i) Apg € C3(AITR™\ {0)),
- Use higher differentiability of R
(i) Apg is uniformly elliptic
> Use invertibility of R
(ili) and sup,cp: [AFg(g,) =1+ |gq,A2TqR"]]C2(Sg>ﬂ) < i

- Use operator norm bounds for R
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The Radon transform: Summary RWTH

Mathematics

We needed to prove three properties for the area integrand Ar,, to apply
the theorems of Hildebrandt/von der Mosel:
(i) Apg € C3(AITR™\ {0)),
- Use higher differentiability of R
(i) Apg is uniformly elliptic
> Use invertibility of R
(i) and supeg [Ar(@:) = |- lo, ror el ooy < 3
- Use operator norm bounds for R
The main difficulty in high codimension is that A?'T'N is not a vector bundle!

Use the Radon transform and exploit the nice algebraic structure of the base spaces!
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